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Abstract

The goal of this article is to examine the ideas of co-neutrosophic multi-dominating (CNMD)
set, numbery .yup INn @ co-neutrosophic graph (Goy) and their inverses
CNMD~ Y,y p respectively. For specific classes of co-neutrosophic graphs (Gey), the ¥ cymp
and ycnyp Calculated and constraints on the corresponding y ¢yup drived. Also, some example

for evaluation the inverse co-neutrosophic domination provided.

Keywords: Single value neutrosophic graph, co-neutrosophic graph, domination set,

domination number.
i g g 55 g Mdal) Ailaal) o g ) (B i g g 5 g Aal) Baamial) Alangl
2 e Gall e Jad g Taaa ba al
oSS Al — Cluialy 5 G gl sle S bzl ) ands !

LAY

o s (o Liasell aet Cln s (CNIMD) &gl 33050 e gama 3 S8 (i s JA3 5 D) o34 (pe il
Lagel) alac ) a5 el g 5 55 900 2dall Al @ g I (g0 Ba2me i e 5 S8l Gkl 5 (Giopy) 2l sms i sil) 2
i Llad) o gus )l ASall Aiagel) o sgia Limyl Liadd Liadf Lol ALEall Ziagel) dael e 258l (335 (CNMD)

L g 5 yuall

bl 8 ) 68 el Ao sana o) yidie ol a5 i g il pms ) B2a) 5 e 53 S gy i g il sy tApalifal) cilalgl)

Volume: 1, Issue: 2 231 P-ISSN: 2958-4612
Manuscript Code: 719B E-ISSN: 2959-5568


https://dx.doi.org/10.24237/ASJ.01.02.719B

Academic Science Journal

1.Introduction

The challenge of identifying the bare minimum of queens required to cover a nxn chesshoard
gave rise to the mathematical study of dominant sets in graphs in the 1850s.Different writers
have explored more than 50 different kinds of domination factors [1]. In 1965[2], Zadeh
developed the concept of a fuzzy set as a framework for mathematically capturing ambiguity
and imprecise information. Fuzzy analogs of key graph theoretic notions, including path, cycle,
and connectedness, were proposed by Rosenfeld[3].A. Somasundaram and S. Somasundaram
researched the idea of domination in fuzzy graphs, and A. Somasundaram presents the ideas of
independent domination, total domination, and linked domination of fuzzy graphs [4].K. T.
Atanassov[5] introduced the concept of Intuitionistic Fuzzy (IF) relations and Intuitionistic
Fuzzy Graphs(IFGs).Muhammad A. [6] introduced ideas like linked anti-fuzzy graphs, constant
anti-fuzzy graphs, and others after learning about anti-fuzzy structural graphs.Muthuraj R. and
Sasireka A. construct the concepts of dominance on anti-fuzzy graph and linked dominance on
anti-fuzz in their study on the topic. Dr.C. Rajan & A. Senthil Kumar define the dominating set
and dominating number of the single valued neutrosophic graph G= (A, B), as well as some
limits on its dominating number [7]. Ghobadi, Soner, and Mahyoub introduced the inverse
dominating set in fuzzy graphs [8]. In this paper we introduce the conception of co neutrosophic

multi dominating set and number in co neutrosophic graphs.

2.Preliminaries

Definition 2.1.[9,11] A graph Gcy = (4,B) on an underline simple graph Gy =
(V,E) is called a single-valued co-neutrosophic graph (SVCNG),

where A : V — [0,1] be SVCN vertex set of G
andB:V xV — [0,1], SVCN edge set of G
satisfy the following
Tp(xy) = max{T,(x), T4(y)}
Ig(xy) = max{l,(x), [,(¥)}
Fgp(xy) < min{F,(x),Fy(y)}forallx,y € V.
The graph .1 below is an example of SVCNG.
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Figure 1: co-neutrosophic graph
\, Wy

Definition 2.2.[12]. A path PV in Gy is a string of various vertices (x;, x, X3, ..., X,,) such
that
Tg(xi,xi41) > 0forl<i<n

Definition2.3. A connected co-neutrosophic graph G,y is one in which any two vertices in it
have a neutrosophic path between them.

Definition 2.4. A complement of (SVCN) graph Gy = (A, B) on G* is a (SVCN) graph
denoted as G-y = (4,B) suchthat A = Ai.e., T4 (x) = Ty(x), 1, (x) = L,(x),
F,(x) = F4(x)and
Ts(x,y) = max(T,(x), T4()) — Tz(x, y)
I_E(x! Y) = maX(IA (X), IA (3’)) - IB (x, }’)
Fg(x,y) = min(F4(x), Fy(y)) — Fg(x,y) forall xy € E.
Definition 2.5. [10] Consider a neutrosophic graph Gy = (A, B) on underline simple graph
Gy =V, E)

1) The relation between any pairs of elements (vertices) of V is called edge and denoted

bye € E.
2) anedge e = xy in Gy is said to effective edge if
Tp(xy) = maX(TA(x):TA(y)) Jp(xy) = maX(IA(x);IA(}’)) and

Fp(xy) = min(Fy(x), Fa(y))

3) A (SVCN) graph G = (4, B) is said to strong graph if for every edge
e = (xy) € E is an effective edge.
Definition 2.6.[10] A (SVCN) graph G = (A4, B) is said to be complete graph if for every
x,y € V 3 an effective edge e = (xy) € E.
Definition 2.7. Let G* = (V, E) be underlining graph of a (SVCN) G. then w € V is said to be
effectively isolated vertex if xw € E is not effective V x € N(w),
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In private case if Tg(x,w) = Iz(x,w) = Fg(x,w)=0V x € V — {w} then w is called strongly
isolated (isolated in the underling graph),

Definition 2.8.[8] independent Co-neutrosophic set S is a subset of V (G ) where
Tg(x,w) # max(TA(x),TA(w)) Jg(x,w) #= max(I4(x),I4(w)) and

Fg(x,w) #= min(F;(x), E,(W))Vx,wES.

In addition, it said to be maximal if there exist no independent Co-neutrosophic
set Z c V and |S| < |Z|.The independence number

Bo (Goy) = max {S;: S; maximal independent Coneutrosophic set}.

Definition 2.9. [8] A Co-neutrosophic graph Gy = (A, B) is called a unimodal if

(TA(X), IA(x)rFA(x)) = (k7 k’ k) :(TB(X', }’)’ IB (x' }’); FB(X', J’))Wh”e If (TA(X), IA(.'X'), FA(x)) =
(c,c,c) VXEV (Gey ) then Gy is known as x- nodal, k, ¢ € [0.1]

Definition 2.10.[3] let Gy a co-neutrosophic graph then:
1) A co-neutrosophic vertex cover set A of Gy is a subset of V such the for each
effective edge e = uv € E,atleastu € AorveE A
2) A co-neutrosophic vertex cover (ay) number =max {A4;: A; is Co-neutrosophic vertex
cover set of G, with minimum numbers of vertices}
3) u € V(Gcy) is known as end point if there exist only one vertex v € V such that uv is
effective edge.

Definition 2.11.[5] D € V (G.y) is called co-neutrosophic dominating (CND) set of G.y.
If vu; €V —D 3 v; €D such that

Tp(u;v; ) = max{T,(w;), TA(vj )}

Is(wivy) = max{ly(uy), Ly(v;)}
FB(uivj) = min{F,(w;), Fy(v; )}forallv; ,v; € V.
Definition 2.12.[5] The minimum co-neutrosophic dominant (MCND) set is the (CND) set D
of G.y with the fewest number of vertices. If there exist no D’ € D that is CND set, then D is
known as the minimum CND set of G, and take the maximum cardinality for all MCND sets
is known as a co-neutrosophic Domination (CND) number of G-, and denoted by yenp (Gen)

or Slmp|y YCND-

3. Co-neutrosophic multi-domination number G.y.

In this section, we introduce the co-neutrosophic multi-domination CNMD set and number
of Gy, and Co-neutrosophic vertex covering with suitable illustrations, and we go over
certain CNMD number of Gy by the effective edge attributes.

Definition 3.1. Let G-y = (A, B) be a co-neutrosophic graph on the underline simple graph
Giy = (V,E), then a non-empty set 2< V is called (CNMD) setin Gy if VXEV —D

There is more than one neighbors in 21i.e., 3 at least two vertices y, z € D such that

both of xy and xz are effective edges in E i.e.Tg(x,y) = Ty (x)AT4(y),
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Fg(x,y) = FA(x)AF,(y), and Iz(x,y) = L,(x)AL,(y)similarly for xz.

Definition 3.2. A minimal CNMD-set D of G is a CNMD set that has the fewest number of
vertices possible.

Definition 3.3. A CNMD set D of G is called minimum co-neutrosophic multi-domination
MCNMD setin Gy if 2 D' < D such that, D' as CNMD set of Gy .

Definition 3.4.
1) The cardinality (Score) of any co-neutrosophic

A(x) = {<x, Ta(x), [a(x), Fa(x) >}is [A(x)| =

2) The cardinality of order of the co-neutrosophic graph [Ocy| = Xy.evlvil
3) The maximal neutrosophic cardinality over all MCNMD sets is known as a CNMD
number of G¢y and is represented by the symbol yenmp( Gen)

Example3.1. Consider a co-neutrosophic graph G-y = (A, B), which given in figure (2),
where we have D, = {A, C, E}, D, ={B, D, F} are MCNMD sets also are minimal CNMD
sets of Gey.
Hence, by yenmp( Gen) = max [| Dy |, | D, [] = max [|(1,1.6,1.8)1,|(1,1.6,1.4)[] = max
(1.8,2.2) =2.2

1+ Ty(x) + Iy (x) — Fy(x)

f (0205,07) )

+{050803)

(0.7,0.8,0.3)
(0.3,0.8,0.6)

(0.70305)

(0206,04)

Figure 2: Co-neutrosophic multi-domination in co-nentrosophic graphs

\, v

Preposition 3.1. Let Goy = kSN, n> 3 be a complete co-neutrosophic graph.
theny cnmp(kS"Y) = max {|T,(w;), Iy (w), Fy (w)l, |TA(uj),IA (uj), F, (u])|} Vu;, u; €
V(kiN ). i, j=1,..., n such that u; # u;
Proof: Given G,y = kSN be a complete co-neutrosophic graph, then
Tg(uu; ) = max{T, (u;), TA(uj )}
Is(wiw) = max{l,(u), I, (u; )}
Fp(wjw;) = min{F,(w), Fa(u; )}forallu; ,u; € V(k§M)
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As a result, every vertex in kSN has dominance over every other vertex in k5. Any set in
kENthat has two vertices, such as {u,u,}, will therefore be of the form CNMD set of

k$NHence y enmp(kSY) = max {| Ty (w;), Ly (W), Fa w)l, |Ta(w), Lo (w), Fa (w)|}

Preposition 3.2. Let Gy be a co-neutrosophic star graph then

¥ enmp (k5) = [0en| =ITa(w), 14 (w), Fy(w) |, w is root of the star.

Proof: Given S5V be a strong co-neutrosophic star graph with v as a root of SV then for
every vertex in star SSV except the vertex {v} has a single neighbor. Then V — {v} is only
CNMD set of SV | therefore y cxmp (GCN) = |V — {v}=10cn| —ITs(w), Ly(w), Fa(u) |, v
being a root vertex.

Proposition 3.3: If C$N be strong co-neutrosophic cycle graph with n vertices {uy, u,,.., u,}
then

24
max {Zizzo |TA(vj+2i), Iy (v]-+2i),FA (vj+2i)|;j = 1,2} if n is even

( )
¥ enmp (C5Y) =4 2 ¥
tmax {Zii0|TA(vj+2i),IA (vj+2i), F, (vj+2i) =12, n} ifnis ode

j+2imodn
Proof: Let CN with {u,, u,,.., u,} be a strong cycle, so there exist two cases:
Casel: As aresult, V u ¢ D, u have to have couple of neighbors in D and this satisfy if there
are two edges between any pair of vertices in D.
Thus, D; = {u; ,where all j is taken ethier even or odd} which means that there are only

two different CNMD which are D1 and D2 of odd vertices and even vertices respectively.
Therefore,

¥ enmp (CEN) = max {Zzol |A(vj+2i)| ;j+ 2imodn,j= 1,2}, where A(vj+2i) =

{Ta(vjs2i), Ia(Vj42:), Fa(vjs2i)}
Case 2: if nis odd.
Each vertex in V-D has pair of neighbors, similar to case 1, so for each j the minimum one of

the last two vertices in the cycle also must be in D; ,so there are n distinct CNMD sets rely on
Jj;j =12, ...,n. Itissimple to conclude that all of Dj's sets are CNMD sets. Therefore,

¥ enmp (CEN)= max {ZEJO|TA(U]'+2L')' Iy (0j420), Fa (0j320) ;7 = 1,2, n}

The proof comes from the two cases mentioned above. o
Proposition3.4. Let GCN =P Nbe a strong co-neutrosophic path n vertex (vq, vy, ..., v )
then
( sbl 7 ¢ )
izol Ta(Wzis1), o (V2i41), Fa (2i41)] if nis odd L
I
)

v cnmp (Fy )_! {|U2i—1| + E;=O ||TA(v2i+2j)rIA (v2i+2j)vFA (v2i+2j)||:

max ) if nis even
i=12,.,7;and 2i +2j = t(mod(n + 1)),
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Proof. For any path the CNMD must contain both end vertices of it, then there are pair of
distinct cases depend on n as follows.
Case 1. When n is odd, D contain a sequence of alternate vertices starting from the first vertex

and ending with the last vertex of the pathi.e., D = {vy;41,1=0, .... BJ it is obvious that D
is CNMD set. Also, D is MCNMD set, since if there exist a set F with a smaller number of

vertices than set D, then F is not CNMD set. Thus, y cymp(BY) = Zlﬂolvzml

i=
Case 2. If n is even, the alternating sequence technique is not enough because it ignores one of
the two ends, so another vertex must be added to include both end vertices, thus the vertices v,
and v; must belongs to every MCNMD set. In this case, every MCNMD set must contain two
neighboring vertices, and each subsequent pair of two vertices in D must have a distance of two
edges. Now, for each adjacent pair v; and v;,, of vertices belongs to D the other vertices of the

path which belongs to D must be alternate in both sides before vi and after v;,,50 let
D; = {{vai-1, V2it2j,J =0, g —1},i=1, ... g and 2i + 2j =t (mod (n + 1))}
It is explicit that each of set D; is MCNMD set. Thus,
2_1 3 3
¥ enmp (B )=max {|U2i—1| + Z;=0 ||TA(v2i+2j)r Iy (2)),F4 (U2i+2j)|| =

1,2, ...,g; and 2i + 2j = t(mod(n + 1)),}

Example 3.2. Suppose that PN, PV are given in a figure (3) below as G, and G,
respectively

4 N

Gb * N S - - P, DA o

Figure 3

The MCNMD sets of PEN are D, = {A, B, D, F}, D, ={A, C, D, F}, D;={A, C,E, F}
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14| = m — 0.36667 |B| = |1+03+07 06| — 046667 |C| = 1+O.5+3O.6—0.4| _
0.56667

ID| = m =04 |E| = |L0405| =05 |F| = |1+05+06 03| 06

6] = [H2403202) _ 5, || = [HHO20303) _ 56667, 1] = [0
0.6333

= |w| = 0.36667, , |K| = |M| — 03333, |L| = 1+0-3+30.5—0.8| _
03333, |M| = [F2TE0208) = 0 46667

The MCNMD sets of PEN (N=6 Even number) are D, = {A, B, D, F}, D, = {A, C, D, F}, D3
={A C,E F}

|D,1=1.4333, |D,|=1. 9333, |D3|=2.0333

¥ cnmp (GCN) = max [|D;], |Dy|, |D3|= max [1.4333, 1.9333, 2.0333] = 2.0333
While MCNMD sets of PV (N=7 Odd number) is just D1 = {G, I, K, M},
|D1[=1.93327

Proposition 3.5. Every CNMD set of Gy = (A, B) is CND set of Gy -
Proof: The proof is come directly from the definition of MCNMD set.

Proposition 3.6. For any strong co-neutrosophic tree graph T,¢V.if S be a set of all leaf vertices
v; then

YveslVil < ¥ evmp < Oy

Proof: 1) Since for any tree with n>2 vertices not all the vertices are leaves then it is obviously
S<V(G) and Xy,eslvi<Oy.

2) According to neighbors of the non-leaf vertices there are two cases

Casel: If for each non-leaf vertex has more than one leaf vertex as neighbors

Zvies|vi| = Y cNMD

Case2: If there exist at least one non-leaf vertex has less than two leaf vertices then

3v € CNMD and v € S then S € CNMD which means that ¥, es|vi| < ¥ cnmp

From 1 and 2 we obtain X, es|vil < ¥ cymup < Oy

Example. In the graph 4a below
Zvieslvi|:0.6667, CNMD = {A, C, F, G,D} = )/CNMD = 0833 and
Oy = 146667 = Yyeslvil < ¥ cnmp < Oy
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Figure 4a co-neutrosphic graplf
with vertex without leaf

And in 4b, since all the non-leaf vertices adjacent to a leaf vertex then
S=CNMD = Yp.eslvil = ¥ cnmp < On

050803

Figure 4b co-neutrosophic graph which all its vertices has leaf
\, y

Theorem 3.1. For any graph Gy , Yv,eslvil < ¥ cump < On . Where S is a set of all the
vertices with one or no neighbors.

Proof: Let Gy be any co-neutrosophic graph,

D be a CNMD set of G¢y and [D|= Yenmp (Gey) and V(Gey ) = V(H) U V(S), Sis a set
including each of the vertices that has less than two neighbors and H containing vertices of

V(G¢n) which have two or more neighbors. Now we must demonstrate that S € D for lower
bounded.

Assuming u €S, u is either has a single neighborhood or it is isolated vertex. We terminate
that u belong to each MCNMD set of Gy in both situations. Hence S € D — | S|<| D|

Furthermore Y, [u;| < vcnmp - however, for upper bound yeymp < Oy is obviously.
Hence,

Yveslvil < ¥ evmp < Oy.
Example3. 3. Consider Gy = (A, B) in figure 5.
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n
2+ (0.30507) 0504086)
>

(0.8,0.5,0.6;

(080702

- :
01,0609 ) (08,05,06)

Figure 5

The MCNMD sets are D; ={A,D, E,C}, D, ={A, D, F, C}, S={A, C}
D, ={A E, F, C},

Al = |1+03+os o7| — 036667, B = |1+08+03 06| —05.|C| = |1+01+06 osl _ 03
ID| = |w| — 07, |E| = |1+05+04 06| _ 043333, |F| = [L08+0s- 06| _
0.56667 ’

|D,| = 1.8,|D,| = 1.93334, |D;| = 2.0667 |S| = 0.66667
We observe that every MCNMD set contains one neighbor for each vertex.

Hence y2AF (GAF) = max {| D1|,| D3|, | D3|} = max {1.8,1.93334,2.0667} =
2.0667 > |S|,whereS = {AC}.

Theorem. 3.2. If D isa CNMD set of Gy, S0 V — D is not always CNMD set of G,y .

Proof: Assume that u € (GCN) and D be the CNMD set of Gy

Case 1 If u have less than two neighbors in GCN, u must belong to every MCNMD set in Gy,
Consequently, V — D is not CNMD because it either has one neighbor who is u or none at all.
group of G.y.

Case 2: Assume that each x € D is dominated by not less than two vertices y,z € V — D. In
this situation, each x € D has at least couple of neighbors in V —D. If D is a CNMD set of
Gcy, the outcome is attained by cases 1 and 2. Therefore, V — D not necessary be a CNMD set

of Gey.

Example: In the figure (5), D= {A, D, E, C} is MCNMD set but V-D = {B, F} is not CNMD
set

Proposition 3.7. For any co-neutrosophic G.y= (A, B), Yenmp (Gen) +Yenmp (Gen) <2 Oy
Yenmp (Gey ) is CNMD number of complements Gy -

Proof: Since both of G,y and Gy are co-neutrosophic graphs then by theorem3.1

¥ enup(GEN) < Oy and y cymp (GCN) < Oy theny cnmp(Gen)+ ¥ cvmp (Gen) < 20yD
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Theorem 3.3. Let Gy be co-neutrosophic graph, Dc V (G¢y ) isa CNMD set of G-y = (A,

B) if and only if D be a multi-dominating (MD) set of Gy and for e=xy is an effective edge in
E

Proof: Let G-y = (A, B) be co-neutrosophic graph, and D is CNMD set of Gy, thenx € V —
D has no less than couple of neighbors in D for each vertex, I. e. there exist y1, y2 € D such
that both of (x, y1) and (x, y2) are effective edge and the x is adjacent to both of y1, y2 € D,
which means that D is MD of G¢y.

Let D be a MD set of Gy so V'y € V — D there exist pair of vertices x; x, € D, such that
(x1,y € E and (x,,y) € E , since (x,,y) and (x,,y) are effective edge by the hypothesis,
so y adjacent to two vertices in D with effective edges. Hence, D is CNMD set of G.y.

Remark. if D be MD set of Gy it is not necessary D be CNMD set
The example below illustrates the remark

Example 3.4. The theorem 3.3 is not always true unless the edges are not effective. Notice the
co-neutrosophic graph Gy in the figure bellow D= {b, c} is

4 N
B (05,0.5,0.5) D (06,0.6,0.1)

@

0.6,0.6,04)

(£09090)
(0.6,0.7,0.3)

A

(0.6,0.6,0.3) 0.6,0.60.3) .C
figure 6. co-neutrosophic containa ~

L MCNMD in Gey but it isn’t in Gen

(0.5,0.5,04)

.

because the edge cd is not effective so that the vertex ¢ € V — D is adjacent to just one vertex
beD

Theorem 3.4. Assuming that G, be a unimodal co-neutrosophic graph with no isolated vertex,

and D is a ycyu- Set of Gy , which it is not independent set (IS),

then yen + t < Yenmp where t =|(T,4(x), 14 (x), F4(x))|,x € D

Proof: Let D be CNMD where |D| = yenm (Gen ) 1S not (1S), and x € D where

t = [(T4(x), [4(x), F4(x)) | . We have pair of cases:

Casel: If (x) N (V — D) = @, Given that D is not (IS) and Gy has no isolates vertex,

N(x) ND#@ . Thus D —{x} is CND set of Gy, therefore ycn<|D —{x} | = venm — t

Hence, yon + t <¥Ycnm-

Case 2: If (V —D) N (x) # @, then Vy € (V — D) N (x) since D is CNMD, 3 z € D where (y, z)

is an effective edge, because D is CNMD.D is not independent, hence some of D's vertices are

neighbors of z. thus D — {z} is also CND set of Gy ,therefore,
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Yen <ID —{z} | =venm — t, hence yey + t <yenm-

Theorem 3.5. Every co-neutrosophic vertex cover set isa CNMD set of Gy if G¢y IS any co-
neutrosophic graph where each vertex has no less than pair of neighbors. Further yeyy = a,.

Proof: Suppose that A is a minimum co-neutrosophic vertex covers set of Gy, and

Obviously, (y) € A. Since each vertex in G¢y has more than one neighbor, the vertex y has at
least two neighbors in A. This implies that A is CNMD set of G.y. Hence, Yoy = aO.

Example: Let Gy be co-neutrosophic graph as follows:
the co-neutrosophic vertex cover sets of Gy are C; = {4,C,E},C, = {B,D}
then co-neutrosophic vertex covering number (a)=|C,|, but C, is also MCNMD set then

Yenm (Gen) = |Gl
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Figwe 7CO-neutrosophic grapl}

Corollary 3.5. Let Gy be co-neutrosophic graph. If yenm (Gen) # @o(Gey) then Gey involves
a vertex has less than two neighbors.

Theorem 3.6. If G.y= (A, B) is a connected a unimodal co-neutrosophic graph and with
Yen=Ycnm then each vertex has more than one neighbor.

Proof: let x € D be a vertex with a single neighbor, where D is a MCNMD set of G,y such
that |D| = yenu if V=D =@ then yon < Yenm < On = Yenm Which is a contradiction, thus V —
D # @. Let x has neighbor y. Ify € D, so D' =D —{x} is CND set of G-y with [D’| = |D — {x}|
this leads to y-ny # Ycnm, @ contradiction.

Ify eV —D,since D is MCND set, then 3 z € N(y) N D and z # x, for all vertex in V — D has
no less than couple of neighbors in D, we noticed that H = D — {z, x} U {y} is CND set of
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GCN with |[H| = |D — {z, x} U {y} thus y¢cn # Ycnu Which a contradiction. Hence, each
vertex in Gy has no less than two neighbors

when yey = Yenm-

Proposition 3.8. Let G.y= (A, B) be any co-neutrosophic graph with vertices each of them
has two or more neighbors then ycyy + B, <Oy.Where |S| = S,

Proof: Suppose that S is a maximum independent co-neutrosophic set of Gy. then V- S
contains all of the neighbors of each vertex of S. Every vertex has two or more neighbors by
hypothesis; hence V-S must be a CNMD set of Gy Thus Yoy < |V =S |=0cy — B, -
Hence, yenm + Bo < Ocw-

Proposition 3.9. If G.y= (A, B) be a co-neutrosophic graph with S being the only maximal
independent co-neutrosophic set, then ycyy < B0.Where |S| = S,

Proof: assume S be a single maximal co-neutrosophic independent set of Gy, suppose that

3 x € V — S. if x has no neighbor then x has to be in S. therefore, x is neighbor with only one
vertex y € S, then S — {y} U {x} is the second maximal co-neutrosophic independent set of
GCN. This results in a conflict with S. Hence, yenm < IS| = B,

4.Inverse of (CNMD) in Gy

Definition 4.1. Let G-y be any co-neutrosophic graph without isolated vertex and Dy, ¢y be
minimum co-neutrosophic multi-domination of Gy if V — Dy contains a (CNMD) Dty
then Dy, &y is called invers (CNMD)s of Gy with respect to Dy, cy

Remark4.1. An inverse (CNMD) DLy of Gcyis said to be a minimal if no proper subset of
D;i;ty is inverse CNMD of Gy

Definition 4.2. The minimum set among all inverse CNMD sets is said to be a minimum
inverse CNMD of G.y,and yony, of Gy is the term used to describe the maximum
neutrosophic cardinality taken over all minimum inverse CNMD sets of G.. and denoted by

Yenm(Gen) OF SIMply ey

Remark 4.2. A minimum inverse CNMD of Gy has a maximum neutrosophic cardinality is
called y,&ny — set of Gey

Example 4.1. Consider a co-neutrosophic graph Gy, which is given in figure 8
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MCNMD sets Of GCN are DCNM(l) = {B, G, C, F}, DCNM(Z) = {A, H, D, E}

Yenm = max{”DCNM(l)”l ”DCNM(l)”}:maX {ZUEDCNM(UIUL ZuEDCNM(Z)lul} =
max{1.7,1.9} = 1.9

Dcnmqry is inverse CNMD set yoyy = 1.7

Theorem 4.1.

Let Gy be any co-neutrosophic graph, then D;;%, the CNMD inverse of G is aminimal if
and only if for each vertex x € D,y either

1) [IN(x) N Dyinl < 2o0r

2) 3y €V —Dytywhere {N(y) N Dyin} = 2and y € N(x).
Proof: Let Dy,¢y be youy — set of Gey, Suppose the aforementioned condition is not
satisfied. 3 x € Dy;¢y Where [N (x) N Dyiy| = 2 and for each vertex y € V — Dyty
either |[N(y) N Dyén| > 2 0ory € N(x)
Consider Dj;cy = Dyen — {x},since x has at least two neighbors in Dy, thus Dy is
inverse CNMD of G, an opposition to minimalism D¢y

Conversely, if D¢y is an inverse CNMD of G that satisfies (1) and (2), then consider
Discn = Dyen — {x} for any vertex x € Dyty . Dycn is ot inverse CNMD if condition (1)
holds, and it is not inverse CNMD if condition (2) holds if D,y has one neighbor named y.
Hence DLy is minimal inverse CNMD set of G..

Proposition 4.1. If G-y be any co-neutrosophic graphs contains at least one vertex has no
more than one neighbor then inverse CNMD not exist
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Proof: Consider Gy be any co-neutrosophic graph and x € V(G¢y) has at most one
neighbor,i.e. IN(X)| < 1. Then,x contained in every MCNMD of Gy i.e.

x &V — Deyyswhere Doy is MCNMD of Gey.suppose Dy SV — Doy IS inverse Doy
of Gy With respect to Dy . Since x € CNMD then Dz, must has two neighbor of x .this is
not possible, by |[N(x)| < 1. Hence Gy has no inverse CNMD

Corollary 4.1. if Goy = PEN or Gy =strong co-neutrosophic star graph then an inverse
CNMD set not exist.

Observation: If there is inverse CNMD of Gy, then not necessary in general yoym = Vonm

)] For any co-neutrosophic graph G,y does not contain isolated vertices, every invers
CNMD is inverse neutrosophic dominating set.

i) For any co-neutrosophic graph Gy has inverse CNMD then [A(x) + A(y)] <
Yenm < Ylu;| where x,y € Doy and u; €V — Doy

Theorem 4.2. For any co-neutrosophic graph Gy has CNMD ! then a vertex x € V —
D¢y belong to each CNMD 1 of Gy in the event that x has two or three neighbors.

Proof: Let Dy, be @ MCNMD and Dy, be an inverse CNMD of G.. Then, each
vertex x € V — D.yp has at more than one neighbor in Dy, - Then, there exist two
cases.

Case(l) Suppose that x € V — Dqyp and x has exactly couple of neighbors say {y, z},i.e.

N(x) = {y, z}, since D¢yp 1S MCNMD of Gy then {y, z} € Doyy therefore N(x) — {y, z}=0
, S0 x has no other neighbors in VV which dominates. Therefore, x needs to dominated by
itself. As a result, x is contained in every inverse CNMD.

Case(ii) Suppose that x € V — Dy has precisely three neighbors in G. Let y, z and

r are three neighbors of x, i.e. N(x) = {y,z,r}, since x € V — Deyp and Dy 1S
MCNMD.Then x has at least two neighbors in Dy, consider y and z are two neigbors in
Dcnm of x, which dominates x. Now N (x) — {y, z}={r}, i.e. remaining a singular
neighbor of x in V — D¢y Since Digyy € V — Doy M x & Dy, then Doy, must have
at least two neighbors of x ,but x has only one neighbor in V' — Dyu. Therefore ,x belong
to every Dy, Of Gey.

Proposition 4.2. Let G-y = (4, B) be any connected co-neutrosophic graph on

Gy = (V,E); then V| > 3 if Dy, exists,
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Proof: Since is connected and Dy, exists by hypothesis, then

1) 3x,y € Depy and thenx,y € V — Dycnm

2) Gey has Dycymthen3 z, f € Dany and then z, f €V
From (1) and (2) x,y,z,f €V — Dyenm Y Dyenm =V
Which is the proof.

Proposition 4.3. G-y = (4, B) be co-neutrosophic graph on

Gey = (V, E)if there is inverse CNMD of Gy then yeny + Yonu < V|

Proof: Let Dgyu and Doy, be @ MCNMD and invers CNMD of G respectively.
then either G, be connected or not

1) Foreveryelementx € Deyy = xeVi.e.Deyy €V

2) Foreveryelementy € Dcpy = veV — Doy i-e. Doy €V — Doy €V
from (1) and (2) Deyy U Doy © V
then | Dy [+ Denml<IV] = venm + vowm < V1.

Proposition 4.4. Let G-y = kS is complete co-neutrosophic graph with n> 4 vertices,
Yenm (ki) = max[p(x) + ()], x,y € V(k) — CNMD.

Proof: Given Ggy = kSN and Dy, be a MCNMD of kSN, Then, CNMD contain two
vertices with maximum neutrosophic value by preposition (4.2.27) thus < V — Deyy > 1S
kEN,. Then, the inverse CNMD OF k5" is MCNMD OF k&N, . Hence

YenmKSN) = venm (kGY,) = max[o(x) + ()] x,y € V(k5Y) — CNMD , the proof is
complete.

Proposition 4.5. Let G-y = CEN with n > 2k vertices, k> 2 and each edge is an effective
then

L
Yenm = min{Zfzo A(Xjy2i)i) = 1,2}, where A(xj+2i) = (TA(xj+2i)rIA(xj+2i)'FA(xj+2i))

Proof: Consider CSN = {x4, x,, ..., x,,} be cycle with even vertices by Proposition 3.6,
there are two MCNMD sets {D; (1), D24(2)} Of CEN and one of them has maximum
neutrosophic cardinality is CNMD number of CSV |
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Yenm (k) = ”DZA(Z)”

proposition 4.6. If Gey = k5, = (A, B) is a complete co-neutrosophic graph on bipartite
underline graph Gy = Kynxm = (V, E) then

yCNM(kglyn)
( either Sc(X)or Sc(y) if 2<n,m<3and m # n\
j Min{Sc(X), Sc(Y)} n=m<3 '¥
| Min{Sc(X),Sc(Y), Sc(x; + x; + y; +y;)} mn >3 |
kxl-,x] € X — Deyy and y;,y; €Y — Deym )

1420, ex TaWi)+Xv; ex 1a(W) =Xy, ex Fa(vi)

Where Score(X) is Sc(X)= .

and

1+Zvj eyTA(Vj)+Zvj eyIA(Vj)—Zvj ey Fa(v))
3

Sc(Y)=

Proof: Since Gy is bipartite complete graph then V. = X U Y,where X, Y are sets of
independent(non-adjacent) vertices, such that for each x € X 3 edges e¢; = xy;,y; €
Y,]=12,..m

Since Gy is complete co-neutrosophic graph over Gz then for each edge e €
E isan ef fective edge

now let D¢y is MCNMD of k57, there three cases:

Case 1: ifn = 2 and = 3, then obviously X is D¢yy and Y is Dy = vomu (kSY,) =
Sc(Y), in the same way we can proof that y gy (k$Y,) = Sc(X) if m = 2.

If n=2 then m> 3 it is obvouisly X is MCNMD of k5%, because there exist not any
subset of Y can be dominating set due to the independently of Y which means that
Y is Dy and yony, = Sc(Y) .Similarly in case of m=2 and n=3

Case 2: Ifn = m < 3, then if n = m = 2 then both of X and Y can be Dy, and
conversely both of X and Y can be Dgy = vepm(kSY,) = min( Sc(x), Sc(Y) ).

The same condition satisfies if m=n=3

Case 2: Ifn,m > 3, then Dy CcONtain at least four vertices in three different situations
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i) D¢y cONtain two vertices from each of X and Y and conversely Dy, also contains
two vertices from each of X and Y

ii) X contain only four vertices and equal to Dy, then Y is equal to Dgpyy,

iii) Y contain only four vertices equal to D¢y, then X is equal to Doy,

iv) Both of X and Y contains four vertices then one of them is equal to Dy;, and the
other is equal to Dz, and vice versa.

o Min{Sc(X),Sc(Y), Sc(x; + x; + yi + )}
xi,x] eEX— DCNM and yi'y] ey — DCNM

that is the proof.
Proposition 4.7. Every invers CNMD of Gy is invers multi-dominating set of crisp graphs
Gen

Proof: Let Dz, be an inverse CNMD of Gy , then V y € V — D5, has two or more

neighbors in Doy, Ji.e. there exist xq, x, € Dgpyy such that w(y, x;) = A(x,)VA(y) >0
and w(y,x,) = A(x,)VA(y) > 0 it implies that (y, x;) and (y, x,) € w*.

Therefore, D), contains two neighbors of y. Hence Dz, is inverse multi-dominating
set of Gy

Remark. The converse of preposition (4.7) is not always true. It is illustrated in the
example that follows.

Example. Given G¢y and G¢y in figure 9 (a), (b) respectively, obviously {E, C} is inverse
multi-dominating set of G, but not inverse in G¢y.
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Proposition 4.8. Let Gy be co-neutrosophic graph.Inverse multi dominating set of Gy is
inverse CNMD ™1 of Gy If e = xy is an effective edge V (x,y) € E(Gcy).

Proof: Let D;;* be ay;,t set of Giy . then, Vy € V — Dyt 3 x4, x, € Dyt such that
v, x1), (y,x1) EE.

Since each edge in Gy is effective thus Dy, has two effective neighbors of y. Hence, Dy,
IS inverse multi dominating set of G¢y.

Conclusion. In this paper, the concepts of a (CNMD) set and number in a co-neutrosophic
graph ( Gey) introduced and examined also invers multi-dominating setD;,, and its number
are the purpose of this essay. The co-neutrosophic multi-domination number (CNMD)
determined for particular classes of (G¢y) and deduce restrictions on the accompanying

(CNMD number).
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