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Abstract

Our goal in this research is to study the concept of almost approximaitly nearly semiprime
submodules in class of multiplication modules. Moreover, we study the relationship between
almost approximaitly nearly semiprime submodules and their residuals. We characterized
almost approximaitly nearly semiprime ideal B by almost approximaitly nearly semiprime

submodule of the form BH, in class of cyclic R-modules.
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Introduction

Let R be commutative ring with identity and H, be left unitary R-module. It is worth noting here
that this research is a continuation of a study of the concept that was presented in [1], where A
proper submodule F of an R-module H, is called almost approximaitly nearly semiprime (simply
Alappns-prime) submodule, if for any r™h € F, for r € R, h € H, and n € Z*, implies that
rh € F + (soc(H) + J(H)). An ideal J of a ring R is Alappns-prime ideal of R if J is an
Alappns-prime R-submodule of an R-module R. In particular a proper submodule F of an R-
module H, is Alappns-prime if for any r2h € F, for r € R, h € H, implies that rh € F +
(soc(H) + J(H)), to which was a generalization of [2, 3, 4, 5, 6]. This paper consists of three
sections. Section one covers some basic concepts, recalls some remarks and propositions
needed in the sequel. Section two, study the concept of almost approximaitly nearly semiprime
submodule in class of multiplication modules and give several characterizations. In addition to
studying the relationship between almost approximaitly nearly semiprime submodule and theirs
residual, where the residual of submodule F by H,denoted by [F:g H] = {r € R:rH, € F} which
is an ideal of R [7]. Section three devoted to introduce many characterizations of Alappns-prime

submodules in class of cyclic R-modules.

Volume: 1, Issue: 3 205 P-ISSN: 2958-4612
Manuscript Code: 649B E-ISSN: 2959-5568



Academic Science Journal

Preliminaries

This section includes some well-known definitions, remarks and propositions that will be

needed study of the next sections.

Definition 1.1 [7] An R-module H, is multiplication, if every submodule F of H, is of the form

F = IH, for some ideal I of R. Equivalently H is a multiplication R-module if F = [F:z H]H.

Definition 1.2 [8] For any submodule F and K of a multiplication R-module H, with F = IH,
and K = JH, for some ideals I and J of R. The product FK = [H.JH, = IJH, thatis FK = IK. In
particular FH = IHH, = IH = F. Also for any x € H we have F =1Ix and x = Rx as a

submodule of H.

Proposition 1.3 [1, Prop. 3.3] Let H be an R-module, and F & H. Then F is an Alappns-prime
submodule of H, if and only if whenever "L € F, for I is an ideal of R, L is a submodule of H,
andn € Z*, impliesthat IL < F + (soc(H) + J(H)).

The following corollary is a direct consequence from proposition 1.3.
Corollary 1.4 Let H be an R-module, and F & H, Then F is an Alappns-prime submodule of H,

if and only if whenever I"H < F, for I is an ideal of R, n € Z*, implies that [H € F +
(soc(H) +J(H)).

Definition 1.5 [10] An R-module H, is projective if every R-epimorphism f from R-module H’
into R-module H, and for any R-homomorphism g from R-module H, into R- module H, there

exists an R-homomorphism h from R-module H, into R- module H' such that f e h = g.

Proposition 1.6
1. If H is a projective R-module, then soc(R)H, = soc(H) [11, Prop. 3.24].
2. If H is a projective R-module, then J(R)H, = J(H) [7, Prop. 17.10].
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Proposition 1.7 [1, Cor. 3.4] Let H be an R-module, and F & H, Then F is an Alappns-prime
submodule of H, if and only if whenever I2L € F, for I is an ideal of R, and L is a submodule
of H, implies that IL € F + (soc(H) + J(H)).

Definition 1.8 [10] An R-module H, is faithful if anng(H) = (0), where anng(H) = {r €
R:7H = (0)}.

Proposition 1.9
1. If H be a faithful multiplication R-module, then soc(R)H, = soc(H) [9, Coro. 2.14(i)].
2. If H be a faithful multiplication R-module, then J(R)H, = J(H) [11, Rem. p14].

Proposition 1.10 [1, Cor. 3.7] Let H be an R-module, and F < H. Then F is an Alappns-prime
submodule of H, if and only if whenever r™L € F, for r € R, L is a submodule of H and n €
Z*, impliesthat rL € F + (soc(H) + J(H)).

Definition 1.11 [12] An R-module H, is a non-singular if Z(H) = (0), where Z(H) =
{x € H: xI = (0), for some essential ideal I of R}.

Proposition 1.12 [12, Cor. 1.26] Let H, be non-singular R-modules, so soc(R)H = soc(H).

Definition 1.13 [13] An R-module H is content module if (Nje; Bj)H = Nje; B; H for each
family of ideals B; of R.

Proposition 1.14 [11, Prop. 1.10] If H is content module, then J(R)H, = J(H).
Definition 1.15 [10] A ring R is called a good ring if J(H) = J(R)H, for any R-module H.

Definition 1.16 [14] A ring R is an Artinian if satisfies descending chain condition (DCC) on
ideals of R.

Proposition 1.17 [10, Coro. 9.7.3(b)] Every Artinian ring is a good ring.
Definition 1.18 [14] A ring R is local if R has a unique maximal ideal.

Proposition 1.19 [15, Prop. 1.12] If H be an R-module over local ring R, then J(H) = J(R)H.
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Proposition 1.20 [16, Coro. of Theo. (9)] Let H, be a finitely generated multiplication R-
module and I, J are ideals of R. Then IH, € JH,if and only if I € J 4+ anng(H).

Proposition 1.21 [17, Prop. 3.1] If H, is faithful multiplication finitely generated R-module,

then H, is cancellation.

Definition 1.22 [17] An R-module H, is called cancellation if IH = JH, for any ideals I,] in R
thenl =].

Definition 1.23 [17] An R- module H, is called weak cancellation if IH = JH, implies that I +
anng(H) = J + anng(H) for I,] are ideals in R.

Proposition 1.24 [17, Prop. 3.9] If H, is a multiplication R-module, then H, is finitely generated

if and only if H, is weak cancellation.
Almost Approximately Nearly Semiprime Submodules in multiplication Modules

In this section we introduce the notation of almost approximately nearly semiprime submodules
in class of multiplication modules. In addition to studying the relationship between the almost
approximately nearly semiprime submodules with the residual of this concept.

Proposition 2.1 Let H be multiplication R-module, and F is proper submodule of H. Then F is
an Alappns-prime submodule of H, if and only if whenever L™K < F for L, K are submodules
of H,and n € Z*, implies that LK < F + (soc(H) + J(H)).

Proof (=) Let L"K C F for L, K are submodules of H, and n € Z™. Since H, is a multiplication,
then L = (IH)", K = JH, for some ideals I,] of R. That is (IH)"(JH) = I["(JH) € F. But F is
an Alappns-prime submodule of H, then by proposition 1.3 I(JH) € F + (soc(H) + J(H)).
Thus LK € F + (soc(H) + J(H)).

(<) Suppose I"U < F for I is an ideal of R and U is a submodule of H, and n € Z*. Since H,
is a multiplication, then U = JH,_ for some ideal J of R, that is I"(JH) € F,take C = [H, so
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C"U € F. Then by hypothesis, we have CU € F + (soc(H) +J(H)). Thus IU S F +
(soc(H) + J(H)). Hence by proposition 1.3 F is an Alappns-prime submodule of H.

These corollaries are directly from Proposition 2.1

Corollary 2.2 Let H be multiplication R-module, and F is proper submodule of H. Then F is
an Alappns-prime submodule of H, if and only if whenever h,;"h, € F for h;,h, € H,and n €
Z* implies that h;h, € F + (soc(H) + J(H)).

Corollary 2.3 Let H be multiplication R-module, and F is proper submodule of H. Then F is
an Alappns-prime submodule of H, if and only if whenever L*h € F for L is a submodules of
H,h € H,and n € Z*, implies that Lh € F + (soc(H) + J(H)).

Corollary 2.4 Let H be a multiplication R-module, and F is a proper submodule of H. Then F
is an Alappns-prime submodule of H, if and only if whenever h"U € F for h€ H, U is a
submodules of H, and n € Z*, implies that hU € F + (soc(H) + J(H)).

Proposition 2.5 Let F be a proper submodule of a multiplication R-module H. Then the

following statements are equivalent:

1. F isan Alappns-prime submodule of H.

2. x™€ Fimpliesthat x € F + (soc(H) + J(H)) for every x € H.

3. VF S F + (soc(H) +J(H)).

4. E\E, ... .. E; € F, implies that E; NE, N ... NE; € F + (soc(H) +J(H)) for every
submodules Ey, E,, ... ... ,Ejof Hand j € Z*.

Proof (1) =(2) Let x™ € F, for x € Hand n € Z*, then (x™) € F. But H, is a multiplication

R-module, then x = Rx = [H, for some ideal I of R, so x™ = I"H, € F. Since F is an Alappns-

prime submodule of H, then by corollary 1.4 IH S F + (soc(H) + J(H)). That is x € F +

(soc(H) + J(H)), implies that x € F + (soc(H) + J(H)).

(2) =(3) Let x € V/F , implies that x™ € F for some n € Z*, so by hypothesis x € F +

soc(H) + J(H). Thus VF € F + (soc(H) + J(H)).
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letx €E;NE, N ... NE;then x € E; foreachi = 1,2,......,j,50 x/ € E;E, ... ...E; € F, it

follows that x/ € F, so x € VF S F + (soc(H) + J(H)), implies that x € F + (soc(H) +
J(H)). ThusE; N E, N ... ... NE; € F + (soc(H) + J(H)).

(4) =(1) Let I"H, < F, where I is an ideal of R, and n € Z*. That is (/H)(IH) ... ... (IH) € F,

so by hypothesis (IH) n (IH) N ... ... N (IH) € F + (soc(H) + J(H)). Implies that I[H < F +
(soc(H) + J(H)). Thus by corollary 1.4 F is an Alappns-prime submodule of H.

Remark 2.6 The residual of Alappns-prime submodule of an R-module H, is not Alappns-prime
ideal of R, as in this example:

Let H = Z,,, R = Z, the submodule F = (4) is an Alappns-prime submodule of Z,,. But
[F:; Z,,]=[(4):; Z;,] = 4Z is not Alappns-prime ideal of Z because 22.1 € 4Z for 1,2 € Z but
2 & 47 + (soc(Z) + J(Z)) = 4Z + (0) = 4Z.

So the following results show that under certain conditions this becomes true.
Proposition 2.7 A proper submodule F of projective multiplication R-module H, is an Alappns-

prime submodule of H, if and only if [F:x H] is an Alappns-prime ideal for R.

Proof (=) Let I < [F:z H], where I, ] are ideals in R, and n € Z*, implies that I"JH S F.
Since H, is multiplication, then I"JH = L"K by taking L = IH, K = JH, are submodules of H,
hence L"K < F. But F is an Alappns-prime submodule of multiplication R-module H, then by
proposition 2.1 LK € F + soc(H) + J(H). Again since H, is multiplication, then F = [F:z H]H,
and since H, is projective then by proposition 1.6 soc(H) = soc(R)H and J(H) = J(R)H Thus
IJH € [F:x HIH + soc(R)H, + J(R)H, it follows that I] € [F:x H] + soc(R) + J(R). Therefor
by proposition 1.3 [F:g H] is an Alappns-prime ideal of R.

(&) Let I"K < F, for I is an ideal of R and K is submodule of H, and n € Z*. Since H, is
multiplication, so K = JH, for some ideal J in R, that is I"JH, € F, follow it I"] < [F:g H], but
[F:g H] is an Alappns-prime ideal of R, then by proposition 1.3 I] < [F:g H] + soc(R) + J(R).
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Hence IJH < [F:zg HIH + soc(R)H, + J(R)H,. Thus by proposition 1.6 IJH € F + soc(H) +
J(H). That is IK € F + soc(H) + J(H). Thus by proposition 1.3 F is an Alappns-prime

submodule for H.

Proposition 2.8 A proper submodule F of faithful multiplication R-module H, is an Alappns-

prime submodule of H, if and only if [F:g H] is an Alappns-prime ideal of R.

Proof (=) Suppose that F is an Alappns-prime submodule of H, and Let 2] < [F:g H] for
r € R, and I is an ideal of R, implies that v2(IH) € F. But F is Alappns-prime submodule of
H, so we have by proposition 1.7 rIH < F + soc(H) + J(H). Since H, is multiplication, then
F = [F:xg H]H, and since H, is faithful multiplication, then by proposition 1.9 soc(H) =
soc(R)H and J(H) = J(R)H. Thus rIH < [F:zg H]H + soc(R)H,+ J(R)H, it follows that rI <
[F:g H] + soc(R) + J(R). Hence by proposition 1.7 [F:g H] is an Alappns-prime ideal of R.

(&) Let r?2K € F for r € R and K is a submodule of H. Since H, is multiplication, so K = JH
for some ideal J in R, that is r2JH € F, follow it 2] € [F:g H], but [F:x H] is an Alappns-
prime ideal for R, then by proposition 1.7 rJ € [F:x H] + soc(R) + J(R). Hence rJH <
[F:g HIH + soc(R)H + J(R)H. Hence by proposition 1.9 r/JH < F + soc(H) + J(H). That is
rK € F + soc(H) + J(H). Thus by proposition 1.7 F is an Alappns-prime submodule of H,

Proposition 2.9 A proper submodule F of a content multiplication non-singular R-module H, is

an Alappns-prime submodule of H if and only if [F: H] is an Alappns-prime ideal of R.

Proof (=) Letr™s € [F:gH] forr,s e R,andn € Z*, so r™(sH) < F. But F is an Alappns-
prime submodule of H, then by proposition 1.10 r(sH) € F + soc(H) + J(H). Since H, is
multiplication, then F = [F:zx H]H, and since H, is non-singular multiplication, then by
proposition 1.12 soc(H) = soc(R)H and H is content R-module then by proposition
1.14)J(H) = J(R)H. Thus. rsH < [F:g H]H + soc(R)H + J(R)H, it follows that rs €
[F:g H] + soc(R) + J(R). Hence [F:g H] is an Alappns-prime ideal of R.

(&) Let L"h C F for L is a submodule of H, h € H, and n € Z*. Since H, is a multiplication,
then L = IH and h = Rh = JH for some ideals I,] of R, that is I"JH, € F, implies that "] €

Volume: 1, Issue: 3 211 P-ISSN: 2958-4612
Manuscript Code: 649B E-ISSN: 2959-5568



Academic Science Journal

[F:g H], but [F:g H] is an Alappns-prime ideal of R, then by proposition 1.3 IJ € [F:g H] +
soc(R) + J(R). Hence IJH < [F:x HIH + soc(R)H, + J(R)H. Hence by proposition 1.12 and
proposition 1.14 IJH € F + soc(H) +J(H). That is Lh € F + soc(H) + J(H). Thus by

corollary 2.3 F is an Alappns-prime submodule of H.

Proposition 2.10 Let H, be a non-singular multiplication module over a good ring R, and F c
H. Then F is an Alappns-prime submodule of H, if and only if [F:g H] is an Alappns-prime ideal
of R.

Proof (=) Let I"J € [F:zg H] for I,] are ideals inRand n € Z*, implies that I™(JH) < F. But
F is an Alappns-prime submodule of H, then by proposition 2.1 IJH S F + soc(H) + J(H).
Since H, is multiplication, then F = [F:g H]H, and since H, is non-singular multiplication, then
by proposition 1.12 soc(H) = soc(R)H and R is a good ring then J(H) = J(R)H. Thus IJH, <
[F:x HIH + soc(R)H + J(R)H, it follows that IJ € [F:x H] + soc(R) + J(R). Hence by
proposition 2.1 [F:g H] is Alappns-prime ideal for R.

(&) Let hy"h, € F for hy,h, € H,and n € Z*. Since H, is a multiplication, then h; = Rh; =
IH, h, = Rh, = JH, for some ideals I,] of R, that is IJH < F, implies that I"J € [F:g H], but
[F:g H] is an Alappns-prime ideal of R, then by proposition 1.3 I] < [F:g H] + soc(R) + J(R).
Hence IJH, € [F:g H]H, + soc(R)H + J(R)H, Hence by proposition 1.12 and R is a good ring
IJH € F + soc(H) + J(H). That is hyh, € F + soc(H) + J(H). Thus by corollary 2.2 F is an

Alappns-prime submodule for H.

Since by proposition 1.17 Artinian ring is good ring. We get this following result from
proposition 2.10.

Corollary 2.11 Let H be a non-singular multiplication module over Artinian ring R, and F be
a proper submodule of H. Then F is an Alappns-prime submodule of H, if and only if [F:g H] is

an Alappns-prime ideal of R.
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Proposition 2.12 Let H, be a non-singular multiplication R-module over a local ring R, and F
be a proper submodule of H. Then F is an Alappns-prime submodule of H if and only if [F:g H]

is an Alappns-prime ideal of R.
Proof In the same way as the proof of proposition 2.10 by using proposition 1.19.

Different Characterizations of Almost Approximately Nearly Semiprime Submodules in

Class of Cyclic Module

In this section we introduce many characterizations of Alappns-prime ideals with special kind
of Alappns-prime submodules in some types of modules.

Proposition 3.1 Let H, be cyclic projective R-module, and B is an ideal of R such that
anng(H) € B. Then B is an Alappns-prime ideal of R if and only if BH, is an Alappns-prime

submodule of H.

Proof (=) Let L"K < BH, for L, K are submodules of H, and n € Z*. Since H, is cyclic then
H is multiplication [18], hence L™ = (IH)"™, K = JH, for some ideals I,/ of R. That is
(IH)™"(JH) = I"(JH) € BH. Again H, is cyclic then H, is a finitely generated [19], hence by
proposition 1.20 I"] € B + anng(H), but anng (H) € B, implies that B + anng(H) = B, thus
I"] € B. Now, by assumption B is an Alappns-prime ideal of R then by proposition 1.3 I] €
B + soc(R) + J(R), we have IJH < BH + soc(R)H + J(R)H. But H, is a projective then by
proposition 1.6 soc(H) + J(H) = soc(R)H, + J(R)H, thisleads to KL < BH, + soc(H) + J(H).
Therefore by proposition 2.1 BH, is an Alappns-prime submodule of H.

(&) Let 1] < B, for I and J are ideals in R, and n € Z*, implies that I™(JH) € BH,. But BH
is an Alappns-prime submodule of H, then by proposition 1.3 IJH, € BH + soc(H) + J(H). But
H, is projective then soc(H) + J(H) = soc(R)H + J(R)H. So IJH € BH, + soc(R)H + J(R)H,
it follows that I] < B + soc(R) + J(R). Hence by proposition 1.3 B is an Alappns-prime ideal
of R.
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Proposition 3.2 Let H, be a non-singular cyclic R-module over a good ring R, and B is an ideal
of R such that anng(H) € B. Then B is an Alappns-prime ideal of R if and only if BH, is an

Alappns-prime submodule of H,

Proof (=) Let h,"h, € BH, for hy,h, € H, and n € Z*. Since H, is a cyclic then H is
multiplication [18], hence (h,)™ = (Rhy)™ = (IH)"™ = I"H, h, = Rh, = JH, for some ideals
1,] of R, that is I"JH, € BH. Again H, is cyclic then H, is a finitely generated [19], hence by
proposition 1.20 I"] € B + anng(H), since anngz(H) € B, implies that B + anng(H) = B
implies that I"] € B. But B is an Alappns-prime ideal of R then by proposition 1.3 ] € B +
soc(R) + J(R). Thus IJH € BH + soc(R)H + J(R)H. Since H, is non-singular, then by
proposition 1.12 soc(R)H, = soc(H) and R is good ring then J(R)H, = J(H). We have IJH <
BH + soc(H) + J(H). Thatis h;h, € BH + soc(H) + J(H). Therefore by corollary 2.2 BH, is

an Alappns-prime submodule of H.

(&) Let r™I € B, for r € R, and [ is an ideal of R, and n € Z™, implies that r"(IH) < BH.
Since BH, is an Alappns-prime submodule of H, then by proposition 1.10 r/H € BH +
soc(H) + J(H). But H, is non-singular and R is good ring then soc(H) + J(H) = soc(R)H +
JR)H, Hence rJH € BH + soc(R)H + J(R)H. That is rI € BH + soc(R) + J(R). Therefore
by proposition 1.10 B is an Alappns-prime ideal of R.

Corollary 3.3 Let H, be a non-singular cyclic R-module over an Artinian ring R, and B is an
ideal of R such that anng (H) € B. Then B is an Alappns-prime ideal of R if and only if BH, is

an Alappns-prime submodule of H.

Proposition 3.4 Let H, be a non-singular cyclic R-module over local ring R, and B is an ideal
of R such that anng(H) € B. Then B is an Alappns-prime ideal of R if and only if BH, is an

Alappns-prime submodule of H.
Proof Follows in the same way as the proof of proposition 3.2 by using proposition 1.19.

Proposition 3.5 Let H be a cyclic faithful R-module, and B be an Alappns-prime ideal of R.
Then BH, is an Alappns-prime submodule of H.
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Proof (=) Let h"U < BH, for h € H, U is a submodule of H, and n € Z*. Since H, is a cyclic
then H, is multiplication [18], hence h™ = (Rh)™ = (IH)™ = I™H, U = JH, for some ideals I,/
of R, that is I"JH < BH. Again H, is cyclic then H, is a finitely generated [19], hence by
proposition 1.20 I"J € B + anng(H), since anng(H) € B, implies that B + anng(H) =
Bimplies that 1] € B. But B is an Alappns-prime ideal of R then by proposition 1.3 1] € B +
soc(R) + J(R). Thus IJH < BH + soc(R)H + J(R)H. But H, is faithful multiplication, then by
proposition 1.9 soc(H) = soc(R)H, and J(H) = J(R)H. Hence IJH < BH + soc(H) + J(H).
That is hU < BH,+ (soc(H) + J(H)). Therefore by corollary 2.4 BH, is an Alappns-prime

submodule of H.

(&) Letr™s € B, forr,s € R,andn € Z*, implies that ™ (sH) < BH, But BH, is an Alappns-
prime submodule of H, then by proposition 1.10 rsH < BH + soc(H) + J(H). Hence by
proposition 1.9 rsH € BH + soc(R)H + J(R)H, it follows that rs € B + soc(R) + J(R).

Therefore B is an Alappns-prime ideal of R.

Proposition 3.6 LetH be a cyclic faithful R-module, and F c H, then the following are
equivalent:

1. F isan Alappns-prime submodule of H.

2. [F:g H] is an Alappns-prime ideal of R.

3. F = BH, for some Alappns-prime ideal B for R.
Proof (1) < (2) Since every cyclic module is multiplication [18], so it follows by proposition
2.8.

(2) = (3) Assume that [F:g H] is an Alappns-prime ideal of R. Since H, is a cyclic then H, is
multiplication [18], hence F = [F:g H]H, put B = [F:g H] is an Alappns-prime ideal of R and
F = BH.

(3) = (1) Assume that F = BH, .....(1) for some an Alappns-prime ideal B of R. But H, is a
multiplication, then F = [F:g H]H.....(2), from (1) and (2) we have [F:g H]H = BH, . Since H,
is a cyclic then H, is finitely generated [19] but H is faithful, then by proposition 1.21 H is

cancellation, implies that B = [F:g H], hence [F:g H] is an Alappns-prime ideal of R.

Volume: 1, Issue: 3 215 P-ISSN: 2958-4612
Manuscript Code: 649B E-ISSN: 2959-5568



Academic Science Journal

Proposition 3.7 Let H be cyclic projective R-module, and F c H with anng(H) < [F:g H] then
the following are equivalent:

1. F isan Alappns-prime submodule of H.

2. [F:g H] is an Alappns-prime ideal of R.

3. F = BH for some Alappns-prime ideal B of R with anniz(H) < B.

Proof (1) & (2) It follows by proposition 2.7.

(2) = (3) Assume that [F:g H] is an Alappns-prime ideal of R. Since H, is a multiplication,
then F = [F:xg HJH = BH, where B = [F:g H] is an Alappns-prime ideal of R with anng(H) =
[0:g H] € [F:gx H] = B, implies that anng (H) S B.

(3) = (1) Assume that F = BH, .....(1) for some an Alappns-prime ideal B of R with
anng(H) € B. Since H, is a cyclic then H, is multiplication [18], hence F = [F:g H]H.....(2),
from (1) and (2) we have [F:x H]H = BH, . Since H, is cyclic then H, finitely generated [19],
hence by proposition 1.24 H, is weak cancellation, it follows that [F:g H] + anng(H) = B +
anng(H), but anng(H) € B, and anng(H) € [F:gx H] implies that anng(H) + B = B and
[F:g H] + anng(H) = [F:g H]. Thus B = [F:g H], but B is an Alappns-prime ideal of R, hence
[F:g H] is an Alappns-prime ideal of R.

Proposition 3.8 Let H, be a non-singular cyclic R-module over (good, Artinian, and local) ring
R, and F c H with anng(H) < [F:g H]. Then the following are equivalent:

1. F isan Alappns-prime submodule of H.

2. [F:g H] is an Alappns-prime ideal of R.

3. F = BH for some Alappns-prime ideal B of R with anniz(H) < B.

Proof (1) & (2) It follows by proposition [2.10, 2.12, and 2.13].

(2) & (3) Follows in the same way as the proof of proposition 3.7.
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Conclusion
The main results of this paper are:

e Let F be aproper submodule of a multiplication R-module H. Then the following statements
are equivalent:

F is an Alappns-prime submodule of H.

x™ € F implies that x € F + (soc(H) + J(H)) for every x € H.

VF € F + (soc(H) + J(H)).

E\E; ... E; € F,impliesthat E; N E; N ... ... NE; € F + (soc(H) + J(H)) for every

A

submodules E;, E,, ... ... ,Ejof Hand j € Z*.

e A proper submodule F of projective multiplication R-module H, is an Alappns-prime
submodule of H if and only if [F:g H] is an Alappns-prime ideal for R.
e Let H be a cyclic faithful R-module, and F c H, then the following are equivalent:
1. F isan Alappns-prime submodule of H.
2. [F:xH] is an Alappns-prime ideal of R.
3. F = BH, for some Alappns-prime ideal B for R.
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