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Abstract

In this paper, the concept of Extend Nearly Pseudo-2-Absorbing submodule has been presented
as a generalization of 2-absorbing, nearly-2-absorbing and pseudo-2-absorbing submodules.
The characterization and examples of the proposed generalization are given, as well as several

properties of suggested concept are proven.
Keywords: 2-absorbing submodule, essential submodule, maximal submodule and
multiplication module.
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Introduction

In this paper, we will denote a commutative ring with identity by R and we let M to be
denoted a unitary R-module. A proper submodule H of R-module M is called 2-absorbing if
whenever rsn € H, forall r,s € R,n € M, thenrn € H or sn € H or rsM € H [1]. Recently,
the notion of nearly-2-absorbing submodule was introduced in 2018 as a proper submodule H
of M such that if whenever rsn € H, forallr,s € R,n € M,thenrn € H + J(M) or sn € H +
J(M) orrsM € H + J(M)[2], where (M) is the Jacobson radical of M. The idea of pseudo-2-
absorbing submodules was introduced in 2019 as a broad statement of 2-absorbing submodule
as a proper submodule H of M such that if whenever rsn € H, forallr,s € R,n € M, then rn €
H + soc(M) or sn€ H+soc(M) or rsMcH+soc(M)[3], where soc(M) is the
intersection of all essential submodule of M and a nonzero submodule K of M is essential in M
if KN E # (0) for any nonzero submodule E of M [4]. Recalled that a module M is a
multiplication if for any submodule H of M, then H=IM for some ideal I of Rm rquivalently,
H = [ H:x M ]M [5]. An R-module M is called faithful if and only if anny (M) = {0}[6].

Results

Definition 1 A proper submodule H of R-module M is said to be Extend Nearly Pseudo-2-
Absorbing (for short EXNP-2-Absorbing) submodule of M if every rsx € H, where r,s € R,
x € M indicates that either rx € H + soc(M) + J(M) or sx € H + soc(M) + J(M) or rsM <
H + soc(M) + J(M).

An ideal I of aring R is called EXNP-2-Absorbing ideal of R, if I is an EXNP-2-Absorbing R-

submodule of an R-module R.
Remarks and Examples 2

1. Let M = Z,4, R = Z, then the submodule H = (2) is EXNP-2-Absorbing submodule of M,
since soc(Zyg) = (2) N {(4) N(8) N Z,5 = (8) and J(Z,g) = (2) N (3) = (6). That is for all
r,s € Zandn € Z,gsuchthat rsn € (2), implies that either rn € (2) + soc(Z4g) + J(Z4g) =
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(2) +(8) +(6) =(2) or sn€(2)+soc(Zyg) +](Z4g) =(2)+(8)+(6) =(2) or rs€
[(2) + s0c(Zyg) + J(Z4g):r Zag]l = 2Z. That is 2.1.1 € (2), implies that 2.1 = 2 € (2) and
2.1 =2€[(2) + s0c(Zyg) + ] (Z4g):r Zsg)-

2. Clearly, every 2-absorbing submodule of M is EXNP-2-Absorbing submodule, the converse

is not true in general, for example:

Let M = Z,g, R = Z, then the submodule H = (8) is EXNP-2-Absorbing submodule of M,
since soc(Zyg) =(2)N{4) N(8) N Z,g = (8) and J(Z,g) = (2) N (3) = (6). That is for all
r,s € Zandn € Z,gsuchthat rsn € (8), impliesthat either rn € (8) + soc(Z4g) + J(Z4g) =
(8) + (8) + (6) = (2) or sn € (8)+50c(Zug) +J(Zsg) = (B) + (B) +(B) = (2) or rse€
[(8) + soc(Zug) + J(Z4g):r Zag]l = 2Z. But H is not 2-absorbing, since2.2.2 € (8), for2 € Z
and 2 € Z,g, itmeansthat 2.2 = 4 ¢ (8) and 2.2 = 4 & [(8):z Z4g] = 8Z.

3. The intersection of two EXNP-2-Absorbing submodules of M not necessarily an EXNP-2-

Absorbing submodule of M, note the example:

In the Z-module Z, the submodules 3Z and 4Z are EXNP-2-Absorbing submodules of Z
(since they are 2-absorbing submodules), but 3Z N4Z = 12Z is not EXNP-2-Absorbing
submodule of the Z-module Z, since if 2.3.2 € 12Z, but 2.2 = 4 ¢ 12Z + soc(Z) + J(Z) and
32=6€&12Z +soc(Z)+]J(Z) and 23 =6¢ [12Z + soc(Z) +](Z):Z] = 12Z, since
soc(Z) = (0)and J(Z) = 0.

4. If H is an EXNP-2-Absorbing submodule of M, then [H :z M] need not necessarily to be an
EXNP-2-Absorbing submodule of M, note the example:

Let M = Z,5, R = Z and the submodule H = (24) is EXNP-2-Absorbing submodule of M,
since soc(Z,g) = (2)N(3) N(8)N Z,g =(8) and J(Z,g) = (2) N (3) =(6). Then(24) +
s0c(Z4g) + J(Z4g) = (24) + (8) + (6) = (2), hence for allr,s € Z and n € Z,5 such that
rsn € (24) , implies that either rn € (2) or sn € (2) orrs € 2Z. But [(24):,; Z,g] = 24Z is not
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an EXNP-2-Absorbing ideal of Z, since 4.3.2 € 24Z, for 4,3,2 € Z, implies that 4.2 ¢ 24Z
and 3.2 € 247 and 3.4 ¢ 24Z.

5. It is obvious that every nearly-2-absorbing submodule of M is EXNP-2-Absorbing

submodule, the converse is not true in general, for example:

Take a look at the Z-module Z,, and the submodule H = (30), we see that the only essential
submodules of Z¢, are Zg, itself and the submodule (2) , so that soc(Z¢o) = Zgo N (2) = (2).
The only maximal submodules (2), (3) and (5). So that (Z,) = (30), hence (30) is EXNP-2-
Absorbing submodule of Z¢,, however nearly-2-Absorbing submodule of Z,,, because 2.3.5 €
H, for 2,3,5 € Z, implies that 2.5 ¢ H + J(Z.,) = (30) + (30) = (30) and 3.5 ¢ (30) and
2.3 ¢ 30Z.

6. Clearly, every pseudo-2-absorbing submodule of M is EXNP-2-Absorbing submodule, the

converse is not true in general, for example:

Let M = Z,g, R = Z and the submodule H = (8) is EXNP-2-Absorbing submodule of M, see(
remarks and examples 2), however pseudo-2-absorbing submodule of Z,g, since 2.2.2 € (8),
for2eZand 2 € Z,g,implythat 2.2 =4 ¢ N + soc(Z,g) = (8) +(8) = (8)and 22 =4 ¢
[(8) + (8):r Z4s] = 8Z.

Proposition 3 A proper submodule H of M is EXNP-2-Absorbing submodule of M if and
onlyifforanyr,s € Rsuchthatrs € [H + soc (M) +J(M) :g M]wehave[H :yyrs] S
[H + soc(M) +]J(M):yr]U[H + soc (M) +]J(M):y s ].

Proof

(=) Suppose that H is EXNP-2-Absorbing submodule of M and let e € [ H :j; s ], then
rse € H. Since H is EXNP-2-Absorbing submodule of M and rs ¢ [H + soc(M) +
J(M) :x M], it follows that either re € H + soc(M) + J(M) or se € H + soc(M) + J(M).
Thus either e € [H + soc(M) + J(M):p; r] or e € H+ soc(M) + J(M):y s].Hence e €
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[H + soc(M) +]J(M):y ] U [H + soc(M) + J(M):y s]. Therefore [N :yrs] S [H +
soc(M) +J(M):yy ] U [H + soc(M)+]J(M):y s |.

(&) Letrse € H forr,s € R,e € M andlet rs € [H + soc(M) + J(M) :xg M]. Then
by our hypothesis e€[H:yrs] S [H + soc(M) +]J(M):yy ] U [H + soc (M) +
J(M):p s ]. It follows that eithere € [H + soc(M) +J(M):y r]ore €[ H + soc(M) +
J(M):p s ]. That is either re € H + soc(M) + J(M) or € H + soc(M) + J(M). Therefore
H is EXNP-2-Absorbing submodule of M.

Proposition 4 A proper submodule H of M is EXNP-2-Absorbing submodule of M if and
only if rsB < H,for r,s € R and B is a submodule of M, then either rB < H +
soc(M) +J(M)orsB < H+soc(M)+]J(M)orrs € [H + soc(M) +]J(M):zg M].

Proof

(=) Let H be EXNP-2-Absorbing submodule of M and rsB € H ,for r,s € R and B isa
submodule of M .Letrs ¢ [H + soc (M) +]J(M):g M |, vrB & H + soc(M) + J(M) and
sB & H +soc(M)+J(M). Then there is e;, e, € B in which re; € H+ soc(M) +
J(M) and se, € H+soc(M)+J(M).Now, rse; € H and rs € [H + soc (M) +
J(M):g M ], then by Proposition 3 e; € [H:yrs] S [H + soc(M)+]J(M):yy ] U
[H + soc(M) +]J(M):; s ], such that e €[H + soc(M)+]J(M):y r] U [H +
soc (M) +]J(M):yy s ]. But  re; & H+soc(M)+]J(M), that is e;&¢[H + soc (M) +
J(M):p 7). Thus e; € [H + soc (M) +J(M):y s ], hence se; € H + soc (M) + J(M).
Alsosincerse, € H and rs & [H + soc (M) +]J(M):g M | andse, & H+ soc(M) +
J(M), it follows that re, € H + soc (M) +J(M). Now, rs(e; + e;) € H and rs ¢
[H + soc (M) +]J(M):g M ], implies that (e; + e;) € [H : rs]. Next, following by
Proposition 3 (e; + e;) E[H + soc (M) +]J(M):yr]U[H + soc (M) +]J(M):ys ].
That is either r(e; + e;) € H + soc (M) + J(M) or r(e; + e;) € H + soc (M) + J(M).
If r(e, + e;) =re; +re; €H + soc (M) +J(M)and re, € H + soc (M) + J(M), then
re; € H + soc (M) + J(M) which is contradiction. If s(e; + e,) =se; +se, € H +
soc (M) +J(M) and se; € H + soc (M) + J(M), then se, € H + soc (M) + J(M) which
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is contradiction, hence either rB € H + soc(M) +J(M) or sB < H + soc(M) +J(M) or
rs€[H + soc(M)+]J(M):x M 1.

() Let rsm € H for r,s € R, me M, then rs(m) S H, hence by hypothesis
either r(m) € H+soc(M)+J(M) or s(m)S H+soc(M)+J(M) or rse[H +
soc (M) +J(M):g M ]. That is either rmj € H + soc(M) +J(M) or sm € H + soc(M) +
J(M) . Therefore H is EXNP-2-Absorbing submodule of M.

Proposition 5 Let M be module and H be a proper submodule of M. Then H is EXNP-2-
Absorbing submodule of M if and only if for every submodule B of M and for every ideals I
and Jof R such that IJB € H inplies that either IB € H + soc(M) + J(M) or JB € H +
soc(M) +J(M) or IJM < H + soc(M) + J(M).

Proof

(=) Let IJB < H,where I,] are ideals of R and B is a submodule of M, with IJ] € [H +
soc(M) +J(M):g M]. To demonstrate that IB € H + soc(M) +J(M) or JB € H+
soc(M) + J(M). Suppose that IB € H + soc(M) + J(M) and JB £ H + soc(M) + J(M) ,
that is there exist ¢, € I and ¢, € J suchthat ¢;B € H + soc(M) + J(M) and c,B &
H + soc(M) + J(M). Now, c;c,B S H and H is EXNP-2-Absorbing submodule of M, then
by Proposition 3 either ¢;B S H + soc(M) + J(M) or ¢;B S H + soc(M) + J(M) or c;c,
€[H + soc(M)+]J(M):g M]. Since I] € [H + soc(M)+]J(M):g M ], then there
exists d, € I and d, € J such that dyd, € [H + soc (M) +J(M):x M].But, d,d,B
C H and H is EXNP-2-Absorbing submodule of M, and d;d, & [H + soc (M) +
J(M):x M ], then by Proposition 3 either d;B € H + soc(M) + J(M) or d,B S H +

soc(M) + J(M). Now, we have to discuss the following cases:

Case one: If d;B € H + soc(M) + J(M) and d,B £ H + soc(M) + J(M). Since c¢;d,B <
Handd,B € H + soc(M) +J(M)and c¢;B &€ H + soc(M) + J(M), then by Proposition 3
cid, € [H + soc (M) +]J(M):g M]. Since d{B S H +soc(M)+]J(M)and ¢;B < H +
soc(M) + J(M), we get (¢c; + d;) B € H + soc(M) + J(M). Moreover (c¢; + dy)d,B S
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H, H is H is EXNP-2-Absorbing submodule of, (¢; + d;) B € H + soc(M) + J(M) and
d,B £ H + soc(M) + J(M), by Proposition 3 (¢; + d;)d, = ¢;dy, + dydy, € [H +
soc (M) +]J(M):xg M].But c;d, €[ H + soc (M) +J(M) :x M ], next, following d,d, €
[H + soc (M) + J(M) :x M ], which is contradiction.

Case two: If d,B € H + soc(M) +J(M)and d{B & H + soc(M) + J(M) , by similar case

(1) we get a contradiction.

Case three: If d;B € H + soc(M) + J(M) and d,B < H + soc(M) + J(M), since d,B <
H+soc(M)+J(M) and c¢,B % H+ soc(M)+J(M), we get (c; +d,)B &€ H+
soc(M) +J(M) .But (¢, + dy)cy B € H and H is EXNP-2-Absorbing submodule of M
with ¢B % H+ soc(M)+J(M) and (¢, + d, )B € H+ soc(M)+J(M) then by
Proposition 3 we get (¢, + dy)ci € [H + soc(M) + J(M):x M]. Since c¢yc, €
[H + soc(M)+ J(M):xp M] and cyc, + c;d, € [H + soc(M) + J(M):x M ], implies
thatc,d, € [H + soc(M) +J(M):x M ]. Now, since (¢; + d,)c, € H and ¢,B <€ H +
soc(M) +J(M) and (¢c; + d,)B € H + soc(M)+J(M) and H is EXNP-2-Absorbing
submodule of M, then by Proposition 3 we get (¢; + dy)c, € [H + soc(M) +
J(M):g M].But(c; + dy)cy, =cicy + dycy € [H + soc(M) + J(M):x M ], since cyc, €
[H + soc(M)+ J(M):x M], we get dic, € [H + soc(M)+ J(M):xg M]. Since
(¢ +dy)(c; +dy,)B<SH and (¢; + di)BZH + soc(M)+]J(M) and (c, +
d,)B £ H + soc(M) + J(M), then by Proposition 3 we have (c¢; + d;) (¢, + dy) =
c1¢; + c1dy +dicy +did, € [H + soc(M) + J(M):g M] . But c¢id,, dic, , cic, €
[H + soc(M)+ J(M):x M ], so that did, € [H + soc(M)+ J(M):x M ] which is a
contradiction. Consequently IB € H + soc(M) + J(M) or JB € H + soc(M) + J(M)

(<) Suppose that rsB < H, where r, s € R, B is a submodule of M then (r)(s)B < H, so by
hypothesis, either (r)B € H + soc(M) + J(M) or (s)B € H + soc(M) + J(M) or rsM <
H + soc(M) + J(M). Hence either rB € H + soc(M) + J(M) or sB € H + soc(M) + J(M)
orrsM € H + soc(M) + J(M). Therefore by Proposition 3 get that H is EXNP-2-Absorbing

submodule of M.
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From Proposition 5, we get corollaries.

Corollary 6 Let M be a module and H be a proper submodule of M. Then H EXNP-2-
Absorbing submodule of M if and only if for every submodule B of M, r € R and I ideal of R
suchthatrIB € H implies that either rB € H + soc(M) + J(M) or IB € H + soc(M) + J(M)
orrIM € H + soc(M) + J(M).

Corollary 7 Let M be amodule and H be a proper submodule of M. Then H EXNP-2-Absorbing
submodule of M ifand only if rIn € H,r € R, n € M and [ ideal of R, then either rn € H +
soc(M) +J(M)orIn € H + soc(M) + J(M) orrIM € H + soc(M) + J(M).

Lemma 8 [6, lemma (2.3.15)] LetB, K and D are submodules of an R-module M, with K € D,
then(B+K)ND=(BND)+K=(BnNnD)+ (KND).

Proposition 9 Let H, B be EXNP-2-Absorbing submodules of M with B is not contained in
H and either soc(M)+J(M) € H or soc(M)+J(M) € B. Then H n B EXNP-2-
Absorbing submodule of M.

Proof

H n Bisaproper submodule of Band B isaproper submodule of M, hence H N B
is a proper submodule of M. Assume that soc(M )+ J(M) € B and soc(M) +J(M) &
H .Let rsA €SH N B for r,s € R, A is asubmodule of M, nextthat rsA € H
and rsA<S B.But H, B are EXNP-2-Absorbing submodules of M , then either r4A <
H + soc(M)+J(M) or sA € H + soc(M)+JM)or rsM € H + soc(M) +J(M)
and rA CSB + soc(M)+J(M) or sA S B + soc(M)+J(M)or rsM < B +
soc(M) + J(M). Thus either rA € (H + soc(M)+J(M))Nn (B + soc(M) +J(M))
orsA € (H+ soc(M)+J(M))Nn(B + soc(M)+J(M))orrsM € (H + soc(M) +
JM) N (B + soc(M) +J(M)). But soc(M)+J(M) € B, then B + soc(M) +
J(M) = B,it follows that either rA € (H + soc(M)+J/(M))NB or sA € (H +
soc(M)+JM))NB or rsM< (H + soc(M)+J(M)) nB.By Lemma 7 eitherrdA <
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(H nB)+ soc(M)+J(M) or sA €(HnNB)+ socM)+J(M) or rsM <
(H n B) + soc(M) + J(M). Therefore H N B is EXNP-2-Absorbing submodule of M.

Lemma 10 [7, remark, p 14] If M is a faithful multiplication R-module, then J(M) = J(R)M.

Lemma 11 [8, Coro.(2.14) (i)] Let M be faithful multiplication R-module, then soc(M) =
soc(R)M.

Proposition 12 Let K be a proper submodule of faithful multiplication R-module. Then K is
EXNP-2-Absorbing submodule of M if and only if [K:z M] is EXNP-2-Absorbing ideal of R.

Proof

(=) Assume that K is EXNP-2-Absorbing submodule of M, and rst € [K:g M] forr,s,t € R,
then rs(tM) € K. But K is EXNP-2-Absorbing submodule of M, then by Corollary 6 either
r(tM) € K + soc(M) + J(M) or s(tM) € K + soc(M) + J(M) or rsM € K + soc(M) +
J(M). Since M is multiplication, then K = [K:z M]M, and since M is faithful multiplication,
then by Lemma 11 soc(M) = soc(R)M and by Lemma 10 J(M) = J(R)M. Thus either
r(tM) S [K:x MIM + soc(R)M + J(R)M or s(tM) S [K:x M]M + soc(R)M + J(R)M or
rsM € [K:g MM + soc(R)M + J(R)M. Hence either rt € [K:x M] + soc(R) + J(R) or st €
[K:g M] + soc(R) +J(R) or rs€[K:igM]+soc(R)+]J(R)= [[K:R M] + soc(R) +
J(R): R]. Therefore [K:, M] is EXNP-2-Absorbing ideal of R.

(<) Suppose that [K:z M] is EXNP-2-Absorbing ideal of R, and rsB € K forr,s € R, Bisa
submodule of M. Since M is a multiplication, then B = IW for some ideal I of R, thatisrsIM <
K, hence rsI C [K:g M], but [K:g M] is EXNP-2-Absorbing ideal of R, then either rI <
[K:g W] + soc(R) +J(R) or sl € [K:xg M] + soc(R) +J(R) or rs € [[K:R M] + soc(R) +
J(R):x R] = [K:g M] + soc(R) + J(R). Hence either rIW € [K:g MM + soc(R)M +
J(R)M or sIM S [K:x MIM + soc(R)M + J(R)M or rsM C [K:x MIM + soc(R)M +
J(R)M. That is either rB € K + soc(M) + J(M) or sB € K + soc(M) +J(M) or rs €
[K + soc(M) + J(M):g M]. Thus K is EXNP-2-Absorbing submodule of M.
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Lemma 13 [9] Let M be a multiplication finitely generated module A, B are ideals of R, then
AM < BM if and only if A € B + ann(M).

Proposition 14 Let M be a faithful finitely generated multiplication module and A is ideal of
R. Then A is EXNP-2-Absorbing ideal of R if and only if AM is EXNP-2-Absorbing

submodule of M.
Proof

(=) Let rsB & AM for any r,s € R, B is a submodule of M. Since M is a multiplication,
then B = IM for some ideal I of R, that is rsIM < AM. Thus by lemma 13 get rsI & A +
ann(M), but M is faithful, it follows ann(M) = {0}, that is rsI < A. Since A is EXNP-2-
Absorbing ideal of R, then by Proposition 4 either rI € A + soc(R) + J(R) or s € A +
soc(R)+J(R) or rse€ [A+soc(R)+J(R):gR] =A+soc(R)+J(R). Hence either
rIM € AM + soc(R)M + J(R)M or sIM S AM + soc(R)M + J(R)M or rsM S AM +
soc(R)M + J(R)M, so that by Lemma 10 and Lemma 11 either rB S AM + soc(M) + J(M)
orsB S AM + soc(M) + J(M) orrsM S AM + soc(M) + J(M). Thus AM is an EXNP-2-
Absorbing submodule of M.

(&) Letrsl € A forr,s € R and [ ideal of R, hence rs(IM) S AM, but AM is an EXNP-2-
Absorbing submodule of M, then either r(IM) € AM + soc(M) + J(M) or s(IM) € AM +
soc(M) + J(M) or rsM € AM + soc(M) + J(M). Thus by Lemma 10 and Lemma 11 either
rIM € AM + soc(R)M + J(R)M or sIM € AM + soc(R)M + J(R)M or rsM € AM +
soc(R)M + J(R)M, hence either rI € A + soc(R) +J(R) or sI € A + soc(R) + J(R)or
rs € A + soc(R) + J(R) = [A + soc(R) + J(R):g R]. Therefore A is EXNP-2-Absorbing
ideal of R.
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Conclusion

In this paper, we introduced a new concept, which is an Extend Nearly Pseudo-Absorbing
submodule as a generalization of 2-absorbing submodules. The following are some of the most

important outcomes of this work.

1) Every (2-absorbing , nearly-2-absorbing and pseudo-2-absorbing) submodules of M is

EXNP-2-Absorbing submodule, but the converse is not true in general.

2) A proper submodule H of M is EXNP-2-Absorbing submodule of M if and only if for
any r,s € R suchthatrs € [H + soc (M) +J(M) :gM] we have[H :y,rs] S [H +
soc (M) +]J(M):yr] U [H + soc (M) +]J(M):y s].

3) Let K be a proper submodule of faithful multiplication R-module. Then K is EXNP-2-
Absorbing submodule of M if and only if [K:z M] is EXNP-2-Absorbing ideal of R.
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