Academic Science Journal

Direct Sum of Intuitionistic Fuzzy Quasi Injective S-Act

Jeehan Sabah Mahmood™=', Arbah S. Abdul Kareem

! Department of Mathematics, College of Science, University of Diyala

*scimathms2206@uodiyala.edu.iq

This article is open-access under the CC BY 4.0 license(http://creativecommons.org/licenses/by/4.0)

Received: 24 December 2023 Accepted: 17 March 2024
Published: 30 April 2025

DOI:_https://dx.doi.org/10.24237/ASJ.03.02.840B

Abstract

In this paper, we develop concept of direct sum of s —act that mean L be intuitionistic fuzzy
s —act on A. With p;,(0) = g, (0) and A,(0) = A, (0) Vi, then L is called intuitionistic fuzzy
direct sum of L; (for short IF —direct sum-act) and denoted by L = @}, L;. We gave example
of intuitionistic fuzzy direct sum act and theorem that show direct sum s —act of intuitionistic
fuzzy quasi-injective s —act such that if L = (u;,AL) = Li®L; be IFQI —act, then L; is
L; —injective and its theorem converse is true, see (5). proposition and corollaries have been
introduced.

Keywords: Fuzzy Injective s-act, Fuzzy quasi injective s-act, Direct sum s-act, Intuitionistic
fuzzy s-act.

Introduction

Injective and quasi-injective s —act was studied by [1, 2] after that [3] initiated the direct sum
s —act as a generalization of direct sum module. In application point of view, fuzzy s —act was
widely used in many engineering applications such as model fuzzy discrete system. This has
been giving the motivation in recent years to investigate the fuzziness of different kinds of

s —acts.
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In 2021, fuzzy injective, fuzzy quasi-injective s-acts and fuzzy direct sum were defined and
studied by many others (see [4, 5]).

Intuitionistic fuzzy injective (IFl-act) and Intuitionistic fuzzy quasi-injective s-acts (IFQI-act)
have been introduced by [6].

In this research, we investigated the direct sum of Intuitionistic fuzzy quasi-injective s-acts.
First, we gave example of the Intuitionistic fuzzy direct sum s-act and L = L;®L; is
Intuitionistic fuzzy quasi-injective s-act, then L; is L; —injective, see Theorem (4) and the
converse theorem is true, see Theorem (5) such that if L; is L; —injective, then L is Intuitionistic
fuzzy quasi-injective s —act.

Preliminary

In this paper, we will introduce some notation and state a few well-known results that will be
used in the sequel, and will recall some definitions, theorems, lemmas, corollaries, results and
notations.

Definition 1 [2]: Ans —act A is called quasi-injective s —act (QI —act) if it is A —injective,
such that if any subact B of A and any s — homomorphism f:B — A, there exists
s —endomorphism g: A — A, that mean g is an extension of f, that is, goi = f, where i is the
inclusion mapping of B in to A.

Definition 2 [3]: The disjoint union A U B or (A@B)), is the direct sum of two s —acts A and B,
in the case of being B is subact of A, then B is called direct summand of A and if there exist any
subact Cof A,thenBN C=0and BU C = A.

Definition 3 [4]: Suppose that A is B —injective and let psand pg be two fuzzy s —acts, that
mean uu IS ug — injective if for each fuzzy subact pc of pg and for each fuzzy
s —homomorphism f: uc = pg be extended to a fuzzy s —homomorphismg: p, = pg.
Definition 4 [5]: Let A be quasi injective s —act (QI —act) and p, is a fuzzy s —act, such that
W, is called fuzzy quasi injective s —act (FQI —act) if for each fuzzy subact pug of m, and for
each fuzzy s —homomorphism f: ug = p, of there exists a fuzzy s —homomorphism g: p, —

1, that mean g is an extension of f.
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Lemma 5 [5]: Let A be quasi-injective, then A is A; —injective s —act, such that A = A; @ A,
forj € {1,2}.

Definition 6 [5]: Let A = @®}L,A; and let p, be the fuzzy s —act on A with (o) = p,;(o) for
all i, then p, is called the direct sum of the fuzzy s —act p,;, such that is denoted by p, =
®i1 Mai-

Definition 7 [6]: Let A be B —injective s —acts if L = (u;,,A) and U = (py,Ay) be IF —act
on A and B respectively, then L is U —injective if

ue (f(b)) = py(b) and A, (f(b)) < Ay(b) Vf € Hom (B,A) so L is said to be intuitionistic
fuzzy injective s —act (IFI —ac).

Definition 8 [6]: Let A be QI —act and L = (u,,Ay) is any IF —act on A, then L is said to be
intuitionistic fuzzy quasi-injective s —act (IFQI —act) if

u (f(2)) = pp(a) and A, (f(a)) < A (a) for each f € End (A) and a € A.

Definition 9 [7]: Let A and B be two s — acts, then the function f: A — B is called
s —homomorphis, if f(as) = f(a)sVa e Aand s € S.

Definition 10 [7]: Let A and B be two s —acts, then A is B —injective if for all s —subact C of
B and any homomorphism f: C — A can be extended to a homomorphismg: B — A.
Proposition 11 [7]: Let A = mAij¢; be injective if and only if A; is A; —injective.

Definition 12 [7]: Let S be a monoid and A be anon-empty set, this set is said to be s —actA, if
we have f: SX A - A,s —t(s,a) - sa = f(s,a) such that S(ta) = (st)aVae Aand s,t € S.
If S has an identity element 1(1.a = a, Va € A) then we called B a unitary right s —act and if a
semigroup S with zero and the following hold: 0 —a = 0 Va € A, then we called A is aright
s —act with zero element.

Definition 13 [8]: Let (A, ua) and (B, pug) be two s —acts, then an S —homomorphism f: A - B
is called a fuzzy s —homomorphism from (A, pa) to (B, ug) if, ug(f(a)) = pa(a) Va € A.
Definition 14 [9]: Let Abeans —actand p: A — [0, 1] be a fuzzy set on A then (A, p) is called
fuzzy s —act it is denoted by (F —act) if p(as) = p(a) foreverya € A, s€S.
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Definition 15 [10]: Let S be a monoid with two sided zero and A be a rights-act with zero
element 6. Then IFs —act L = (u),Ay) in A is said to be an intuitionistic fazzy s —act
(IF —act) if
1Ly, (as)=p(a)VaeAands €S, 2.2, (as) <A(a)VaeAands € S.
Definition 16 [11]: A fuzzy set on A is the set of order pairs (x, u(x)) Vx € A (universal set)
B = {(x, u(x)): Vx € A} the fuzzy power set (F(B)); w:A — [0,1] is called membership
function p (x): The grade of membership.
Definition 17 [12]: L in a nonempty set, A is an object having the shape L =
{u.(@),A.(a),Va € A}. When the functions p;: A — [0,1] denoted the degree of membership
and A;: A — [0,1] denoted the degree of non-membership so that 0 < py.(a) + A (a) < 1 then
L is called Intuition fuzzy set (IFS) we can write L in form L = (u,,Ap).
Direct sum of IF QI — Act
In this section, we will define and investigate Direct sum of IFQI —act.
Proposition 1: Let A = @A, be an s —act where A; are subact of A for eachi. If L;=
(M AL) (1 <i<n) are IF—act on A;, then L= (u,A,) where u,(a) =
min{ py;(ai)li = 1,2, ....,n} and Ay (a = max{ A;;(ai)|li=1,2,...,n} Va€A, ai € A; is an
[F —acton A.
Proof: Since each L; is IF —act on A for every s € Sand a = ai € A,
Then py (sa) = A{ ppy (sai) [i=1,2, ... ,n}
= u; (sai), for some i
>y (ay) (Liis IF — act)
= py,(a)
and Ay, (sa) = v{ A, (sai) [i=1.2,..... ,n}
= A;;(sai) , for some i
< A;i(a;) (Liis IF — act)
< A.(a)
There for L is an IF —acton A. [J

The above proposition gives as the motivation to define the following:
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Definition 2: Let L be IF —act on A in proposition (3.1) with p;, (0) = ug; (o) and A, (o) =

ALi(0) Vi, then L is called Intuitionistic fuzzy direct sum of L; (IF —direct sum-act) and denoted

by L = ®iL, L.

Example 3: Let L = L;®L, where L; be IF —act on S; = {0,a,b} where S; is S —act over

itself under operation a> = ab = aand b?> = ba = b and L, be IF —acton S, = {x,y, z} where

S, is S —act over itself under operation y? = yz = zy = y and z% = z. It is easy to check that

IF —act, where:

1

- ifs; =ab
W (s)={5
MPYT ifs =0

4

- ifs; =ab
A (s)={5 e
MY 0 ifs, =0

} Mz (s2) =

} ' }\LZ(SZ) =

ulr |

vl o W

ifs, =x,y
if s, =z
ifs, =x,y
if s, =z

Then S= Sl @ SZ = {(Sll Sz)lsl € Sl and So € Sz}
{(0,%),(0,y),(0,2), (a,x),(a,y),(a,z), (b,x),(b,y),(b,z)} , L=_(u.,A.) can be find as

follows:

and

such that S®S, =

Vs =(51,52) €S, 1 (S) = upq (51) Aupz (s2) and AL (s) = Api(sy) v Apz(s2)

If s = (0, x), then:
L (8) = e (0)A ppp (%)

:1/\1
4
-1
T4
And
A(s) = A(0) v Apz(x)
:0\/3
4
=3
T4

If s = (a,y), then:
HL(s) = uey (@) A ppz ()

1.1
=—-A-
5 4
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-1
5
And
AL(s) = A1 (@) v Ap(y)
:i\/i
5 4
_4
T s

In the same way we find y, , 4, foreachs € S = @2, S,.

So, we have:
2 if s ={(0,%),(0,y)
e () = g it s={(y), (52,02 @, @z, 01,0y
And
)\ Z if s ={(0,%),(0,)
1) g it s={@y) 12, (02),@x,(@z2),0bx),by)

= L is IF —direct sum-act. [

Theorem 4: Let L = (ug,,A;) = L; © Lj be IFQI —act on the s —act A = A; ©A;, then L; is
L;-injective-act for i, j € {1,2}.

Proof: L = (uy,,Ay) is IFQI —act, then: i- A= A; @ A; is QI —act, by lemma (2.5), A; is
A; —injective. ii- p;, (Y(a)) = p, (@) and A, (Y(a)) < AL(a) V§ € Hom (A, A).

To prove L; is L; —injective-act for each a € Hom (4, A;), consider inclusion homomorphism

i: Ai > A = A; @A then ¢ = ioa: Aj > A (see Figure 1).

Volume: 3, Issue: 2, April 2025 P-1SSN: 2958-4612
293 E-ISSN: 2959-5568



Academic Science Journal

4’ -W—’
a
P A 1/)
ia
L » A

Figure 1: IFQI s-act
But A is QI —act, then there exist Y € End (A) which be extension of ¢ such that |4; =
e (D
We have p, (Y(@)) = p (@) VaeA ... )
Since A = Ai D A if aj; € Aj, then a; = (0,a) €A

From (2), we get:

nw (W(a5)) = nay (@) Vaj € A; ... 3)
Also py, (a;) = i, (0,a5) = py; (0)apy (ay)
= UL (a]) ......... (4)

From (1) we get: Y(a;) = ¢ (3;) =i (a(a))) = a(a))

Therefor uy, (W(ay) = i, (a(ay) = ur, (a(a;),0) = pri(aap)) A uy(0)
= U (oc(a]-)) e (5)

From (3), (4) and (5) we get:

uLi(oc(a]-)) =y (a]-) Va € Hom (Aj, A;) and a; € Aj and we have

A@) < A(a)VaeA........ (6)

Since A = A; @ A if aj € Aj, then: a; = (0,a;) € A, from (6) we get:

A(W(a)) <Au(ay) Vaj € Ajj ... (7)
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From (1) we get: Y(a;) = ¢ (a;) = i (a(a))) = a(a;)

Therefor A, (W(a;)) < A.(a;) = Au(a(a;), 0) = Api(aay))v A;(0)
= Ai(@(@))e e 9)

From (7), (8) and (9) we get:

Mui(a(a))) < Ag(aj) Va € Hom (A, A)) and a; € A;

= L; is L; —injective s —act. [

The following theorem gives the convers of theorem (3.4).

Theorem (5) convers of the theorem 4: Let L; be two IF —acts on A;(i = 1,2) such that L. =
Li®Lj ons—act (A=A; ®A;) and if L; is L —injective for i,j € {1,2}, then L is
IFQI —act.

Proof: Suppose L; is L; —injective, then A; is A; —injective so by (2.11) =A is QI —act.

Since L; is L; —injective for i,j € {1,2}

UL (ocj(aj)) = My (aj) ............ (1)

Miog@@))) <Ai(a)) coeeennnnnn ()

Vo; € Hom (A}, Ay)

Also L; is L; —injective.

i (ai(@)) = ppi (@) oveeennnnns 3)

Ai(ai(@)) <A@ coveeeinnnnn 4)

From (1) and (3) we get:

HLi (Olj (aj))’\HLj (ai(aj)) = py; (aj) A (ay)

u(o5(ay), (@) =y, ()

u (a(@) = . (@)

From (2) and (4) we get:

Ai(o5(ay)) v A (ai)) < Agi(ay) vagi(ay)
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(o), as(ap) = Ay, (ay,a))

AL (a@) = A, (@)

Va € Hom (4,A) and a € A.

There for L is L —injective-act

= L is IFQl-act. U

Corollary 6

Let A = @{L,A;, where A; are the S —subacts of A. Let Li = (y; A;) are IF —acts of Ai such

that L = @L,L;. If Lis IFQ I —act then L; is L; —injective forall  i,j (1 <i,j <n).

Corollary 7

Let A= @®{L,A;, where A; are the S —subacts of A. Let L; = (uiAi) are IF —acts of Ai such

that L = @L,L;. If L; is Lj —injective for all i,j (1 <1i,j < n) then L is IFQ I —act.
Conclusion

In this paper, we have introduced the notion of direct sum of intuitionistic fuzzy s —act, this

notion is very useful in studying some properties of intuitionistic fuzzy s —act. We discussed

the direct sum of intuitionistic fuzzy quasi-injective s —act and showed that if L = L; @ L; is

IFQI —act, then L; is L; —injective and the converse is true. The present work can be extended

of the study of properties of the fuzziness and the intuitionistic fuzziness of s-act.
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