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Abstract

In this paper, we introduced the concept of generalized derivations of an algebraic structure
namely BF-algebras and studied some of its basic properties. Moreover, some results that
concern on the kernel of the generalized derivations of a BF-algebras are presented.

Furthermore, we studied the concept of torsion free on a BF-algebras.
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Introduction

The concept of derivations is one of the influential subjects in rings and near rings. This
concept has been studied in various types of rings, such as =-ring and I'-ring in order to study
some of their properties. The study of this concept has been extended to some other algebraic
structures by using an appropriate approach that can make its study is possible. Some new
algebraic structures have been presented by using the concept of derivations and studying
some of their properties. For instance, Al-Shehrie [1] applied the concept of derivations on B-
algebras and studied some of its properties such as a properties of (I, r)-derivations (resp. (r,
I)-derivations) of B-algebras and the properties of derivations of zero-commutative B-
algebras. Moreover, the concept of derivations of UP-algebras has been defined by Sawika et.
al [2]. Then, some of its basic properties have been investigated. In addition, the same concept
has been defined on BF-algebras by Dejen and Tegegne [3], then some of its properties have

been discussed.

On the other hand, some other studies have been investigated the concept of generalized
derivations for some algebraic structures and discussed some of its properties. For example,
the generalized derivations of BCl-algebras was presented by Ozturk et. al [4], and some of
its properties are discussed. A generalized left derivation of BCl-algebras was introduced in
[5]. The authors showed some properties of this notion. In the same year, Kim [6] presented
the generalized derivations of BE-algebras and studied some of its properties. Furthermore,
the concept of generalized derivations of BCC-algebras has been introduced by Bawazeer et.
al [7], and some of its properties have been investigated. In the same year, Ganeshkumar and
Chandramouleeswaran [8] presented the generalized derivation of TM-algebras with some of
its properties. Finally, the generalized derivation of d-algebras has been investigated by Al-

omary et. al [9].

Motivated by the work of previous researchers, we presented the notion of generalized
derivations of BF-algebras and studied some of its properties in this paper. The present paper

has been structured as follows. In section two, some basic concepts which are important in

Volume: 2, Issue: 1, January 2024 372 P-ISSN: 2958-4612
Manuscript Code: 691A E-ISSN: 2959-5568



Academic Science Journal

this study are presented. Section three contains the main results of this paper. Section four,

followed by the conclusions and future research scope of the present paper.
1. Basic Concepts

Definition 1.1[10] A non-empty set 23 with binary operation © and a constant 0 is said to be a

BF-algebras, if the conditions below are holds.
i.¢cO¢ =0,V¢ € W,

ii. ¢00 = ¢, V¢ € 0,

iii. 00(¢c0¢) = (£0¢), V¢, & € .

Definition 1.2 [10] Let 23 be a BF-algebras and let @ = $ < 2, then $ is called sub-algebra
of W, if for every ¢, & € H, then ¢O& € .

Definition 1.3 [3] Let (23, ©,0) be a BF-algebra. A self-map J: 03 — 3 is said to be (I, r)-
derivation of W if for any ¢ & € W, then J(c0é) = (J(¢)0E) A (c0I(§)). A self-
map J: W — W is called (r, 1)-derivation of W if for any ¢, & € W, then J(coé) =
(c0d (&) A (J()0&). If g satisfying both of (I, r)-derivation and (r, I)-derivation, then it's

called a derivation of 2.

Definition 1.4 [4] Let 23 be a BCl-algebras. Then, 2B is called torsion free, if for any ¢ € W
we have that ¢ + ¢ = ¢O(00¢) =0 = ¢ = 0.

2. Main Results

This section presents the concept of generalized derivations of BF-algebras with some of its
basic properties. Throughout this section we mean by 28 is a BF-algebras unless otherwise we

mentioned. We commence this section by the following remark.

Remark 2.1 For a BF-algebras 8 we meant ¢ A & = £O(EO¢) for every ¢, & € 1.
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Definition 2.2 Let 93 be a BF-algebras. A self- map G: I8 — 23 is said to be generalized
derivation (for short G-d), if there exist associated (I, r)-derivation and (r, I)-derivation
J: W — W satisfies

(1) G(c0%) = (G()08) A (¢0J(€§)) forany ¢, & € 1.

(i) G(608) = (c0G(£)) A (I(5)0F) forany ¢, ¢ € W,

Example 2.3 [3] Let I = {0, ¢, &, {} with the binary operation defined in the table below.

o |0 3
0 |0 § 1 ¢
¢ | ¢ 1|0 ¢
$§ 1§ 1¢ 10
YESENEEL

Then, (2, 0, 0) is a BF-Algebras. Define the self-map J: I3 — 2 by

Vo

A N[N

¢, ife=0

)0, ife=g
J(e)_ g.’ lfe=f
0, ife=¢

Then, J is a derivation of 3. Furthermore, define the self-map G: W — W by

0, ife=¢
¢, ife=¢
$, ife=g¢
¢, ife=0

Gle) =

Then, it is easy to prove that G is a G-d of 3.
Example 2.4 Consider a BF-algebras which is given in Example 2.3 with the derivation /J.
Define the self-map G: 1 — W by

0, ife=0
¢, ife=g
e) = .
¢, ife=¢
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Clearly that G is a G-d of ..

Example 2.5 Consider a BF-algebras which is given in Example 2.3 with the derivation /J.
Define the self-map G: 1 — W by

0, f'f e=¢
=15 112}
¢, ife=g
Then, it's clear that G is not a G-d of 23 because G(¢0¢) = 0 # & = (G(5)0E)A(cOT(£)).
Definition 2.6 Let M be a BF-algebras. The self-map G is called regular if G(0) = 0.

Proposition 2.7 Let U3 be a BF-algebras and let G be a g-(1, r)-d of 23 with 7 is a regular, then
G(©) =G(s) Ag.

Proof: Since G is a g-(l, r)-d of 23, then there exist a (I, r)-d J: T3 — W such that G(¢c0¢) =
(G(6)OON(cOJ(&)) forall ¢, & € W. By Definition 1.1, G(¢) = G(c00) =
(G(©)C0A(cCJ(0)) = (c0J(0))0((¢0J(0)C(4(5)00)) =

(600)0((s20)0(G(5)00)) = ¢0(s0G(§)) =G(S) Ag. m

Proposition 2.8 Let U3 be a BF-algebras and let G be a regular g-(r, I)-d of 2, then G(¢) = ¢ A
J().

Proof: Since G is a g-(r, 1)-d of 2, then there exist a (r, 1)-d J: 2 — W such that G(¢cO¢) =
(cOG(E)N(JI(5)0¢) for all ¢, & € W. By Definition 1.1, we have that G(¢) = G(¢00) =
(c0G(0)A(I(§)00) = (cOMA (J($)00) =¢AJ(5). m

Proposition 2.9 Let I be a BF-algebras with G is a g-(I, r)-d of 28. Then,
i.G(¢08) = G(¢)o¢ forall ¢, ¢ € T,
ii. G(0) = G(¢)Og for all ¢ € W,

iii. G(¢0J(5)) = G(5)0J(s) for all ¢ € W,
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iv. If G is aregular, then G is an identity map.

Proof: (i) let G be a g-(l, r)-d of MW, then G(c0&) = (G(c)O&) A (cOJ(§)) =
(c0J($))((¢0d(§))0(G(5)08)) = G()OS.

(i) By Definition 1.1, G(0) = G(c0¢) = (G(£)0¢) A (s0J(§)) = (§0J())0((s2I(5))
0(G(5)09)) = G(¢)oc. (iii) and (iv) by using the same technic. m

Proposition 2.10 Let 98 be a BF-algebras with § is a g-(r, I)-d of 8. Then,

.G(08) = ¢0g($) forall ¢, ¢ € W,

ii. G(0) = ¢coG(¢) forall ¢ € 3,

il G(J(6)0¢) = J()0g(s) forall ¢ € W,

iv. If G is a regular, then G is an identity map.

Proof: (i) let G be a g-(r, 1)-d of MW, then G(c0&) = (c0G(&)) A (J(5)0¢) =
(J(6)08)0((J(6)0$)0(¢0G(£))) = ¢OG(S).

(ii) By Definition 1.1, G(0) = G(c0 ¢) = (¢0G(6)) A (J(5)0¢) = (I(5)O¢)
o((J(6)0 §)0(§06(5)) = c0G(¢). (iii) G(I()0g) = (J()0G6(¢)) A (J(I())og) =

(J(I())06)0((J(I(6))06)0(I ()G (6))) = J(6)OG(5). (iv) Let G be a regular, then
G(0) = 0. By (ii) we get G(0) = ¢0G(¢) forall ¢ € W. But G is a regular. Thus, ¢c0G(¢) =

0=6()=¢ =

Theorem 2.11 Let I8 be a BF-algebras and let G be a G-d of 2. Then, G is a regular iff G is an
identity map.

Proof: Let G be a G-d of M. Then, G is a g-(l, r)-d of W and also G is a g-(r, 1)-d of IB.
Furthermore, let G be a regular, then G(0) = 0. By Proposition 3.9 (iv) and Proposition 3.10

Volume: 2, Issue: 1, January 2024 376 P-ISSN: 2958-4612
Manuscript Code: 691A E-ISSN: 2959-5568



Academic Science Journal

(iv), we have that G is an identity map. Conversely, let G be an identity map, then G(¢) = ¢
for every ¢ € 1. By putting ¢ = 0, we get G(0) = 0 which gives that G is a regular. m

Definition 2.12 Let 23 be a BF-algebras. Furthermore, let G be a G-d of 2. We define
Fixg (W) = {¢ € W: G(5) = ¢}.

Proposition 2.13 Let 3 be a BF-algebras and let G be a G-d of 8. Then, Fix; () is a sub-
algebra of 8.

Proof: Let ¢, ¢ € Fixg (W) then G(¢) = ¢ and J(&) = &. Since §G is a G-d of W, then G is a g-

(I, n)-d of W. Thereafter, G(¢OE) = (G(§)0&) A (60T (§)) = (¢0¢) A (¢O8) = ¢O¥.
Therefore, as required. m

Proposition 2.14 Let I3 be a BF-algebras and let G be a regular G-d of 23. Then, the points
below are holds for any ¢, & € 1.

.G(e) =J() <,
ii. G(608) < ¢0J(£),
.g(G(s)og) =0,
iv.G(G(6) <.

Proof: (i) Since G is a G-d of W then G is a g-(r, I)-d of W. Thus, by Definition 2.1, G(¢) =
G(00) = (¢0G(0)) A (J(5)00) = (cC0) AJ(s) = ¢ AT(s) = J(§)O(I()OE) =5.

(i) G(c08) = (60 G(§) A (J(9)0E) = (I()0§HO((J(5)0§)0(s0 §(£))) =60 G(&)

< ¢0J($) by (i). For point (iii) since G is a g-(r, I)-d of W, G(G(c)O¢) = (G()OG(5) A
(J(G(6)0¢) =0 A (J(G()0s) = (J(G(6)06)0((I(G(5))06)00) = 0.

(iv) based on (i) and Definition 2.1, G(G(5)) = G(c A J(5)) = G(T(c)C(J(5)O¢)). Since G
isa g-(r, 1)-d of W, then G(J($)O(J(§)0¢)) = (J(6)OG(JI(§)0¢)) A (J(I(§))O(I(§)O¢))
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= (J()0G(0)) A (J(T(6))00) = (T()C0) AJ(I(5)) = T() AT(I(S)) =
J(I()NOWI(I()NOI()) =Jd() <¢. m

Proposition 2.15 Let 98 be a BF-algebras and let G be a G-d of . If ¢ € Fix; (W),
then J(s) = .

Proof: Since ¢ € Fix; (W) then G(¢) = ¢. By Proposition 3.14 (i), we have G(¢) < J(¢) <.

Proposition 2.16 Let 8 be a BF-algebras and G be a G-d of . If ¢, ¢ € Fixg (W), then ¢ A

Proof: By Proposition 2.13, Fix; () is a sub-algebra of 8. That is mean ¢O¢ € Fix (W) for
any ¢, ¢ € Fixg (). Since G is a g-(l, r)-d of W, then G(¢ A ) = G(§O(£O¢)) =
(G()O(§06)) A (§0T(§06)) = (§0(506)) A (§0(§0¢)) = §O(§0¢) = ¢ AS. Therefore,

as required. m

Definition 2.17 Let 23 be a BF-algebras and let G be a G-d of 2. We define the kernel of G by
Kerg = {¢ € W: G(¢) = 0}

Example 2.18 Let G be a G-d defined in Example 3.3, then KerG = {{}.

Proposition 2.19 Let 28 be a BF-algebras and let G be a G-d of 28. Then, Kerg is a sub-

algebra of 2.

Proof: To show that kernel of G is a sub-algebra of 23, we have to prove ¢o¢ € Kerg for any

¢,¢ € Kerg. Now, let ¢, ¢ € Kerg, then G(¢0¢) = (G()0$) A (c0J(§)) = (008) A
(c00) = 0 A ¢ = ¢O(gc00) = 0. Therefore, as required. m

Proposition 2.20 Let 8 be a BF-algebras and let G be a G-d of . If £ € KerG with ¢ € W
then ¢ A & € Kerg.

Proof: Since & € Kerg then G(§) = 0. Thus, G(¢ A &) = G(EO(E0Q)) = (G(§)0(£0¢))
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A (§0J(§06)) = (00(§06)) A (§0T(§06)) = 0 A (§0J(§0¢)) = (§0J(§06))O
((E0J(¢0¢6))00) = 0.Therefore, ¢ A& € KerG. m

Proposition 2.21 Let I8 be a BF-algebras and let G be a G-d of . If ¢ € Kerg, then ¢cO¢ €
Kerg.

Proof: Since ¢ € KerG then G(¢) = 0. Now, G(c0O¢&) = (G(5)0&) A (¢0J(§)) = (00&) A
(c0d(§)) = 0 A (c0d($)) = (0 (§))0((s0J(§))00) = 0. Hence, ¢O¢ € KerG. m

Definition 2.22 Let G; and G, be two G-d of a BF-algebras 28. We define the composition of

G1and G, as aself-map (G © G2): W — W such that (G ° G2) () = G1(G2()) forany ¢ €
.

Proposition 2.23 Let 28 be a BF-algebras and G be a G-d of . If ¢ € Fix; (W), then (G o
9)() =¢.

Proof: Since ¢ € Fixg(28) then G(¢) = ¢. Thus, by Definition 2.22, (G * §)(s) = G(G(s)) =
G(¢) = ¢. Therefore, as required. m

Definition 2.24 Let 93 be a BF-algebras. A self-map G: 13 — 2 is called an isotone if ¢ <
§=G() =G().

Proposition 2.25 Let I8 be a BF-algebras and let G be G-d of 2. If G is an isotone with ¢ < &
and ¢ € Kerg then ¢ € Kerg.

Proof: Let ¢ < & and ¢ € Kerg then G(¢) = 0. Since G is an isotone, then 0 = G(¢) < G(&)
which implies that 0 = G(&). Therefore, ¢ € KerG. m

Definition 2.26 Let 28 be a BF-algebras and G be G-d of 3. An ideal T of 2 is called G-
invariant if G(¥) € <.

Definition 2.27 Let 23 be a BF-algebras. Then, 23 is called torsion free BF-algebra, if for
every ¢ € W we have ¢ + ¢ = ¢O(00¢) = 0 = ¢ = 0. If there exist a non-zero element ¢ €

W with ¢ + ¢ = 0, then W is not torsion free BF-algebra.

Volume: 2, Issue: 1, January 2024 379 P-ISSN: 2958-4612
Manuscript Code: 691A E-ISSN: 2959-5568



Academic Science Journal

Example 2.28 (i) Any BF-algebras is not torsion free BF-algebra.

(i1) A BF-algebras which is given in Example 3.3 is not torsion free BF-algebra, since

{+{¢=7¢0(00¢) =0.

(iii) Let W = {0,1,2} is a BF-algebras given in the table below

o |0 1 2
0 0 1 2
1 1 0 1
2 2 1 0

Clearly that 28 is not torsion free BF-algebra because 1 + 1 = 10(001) = 0.

(iv) Let M = {0,1,2} is a BF-algebras given in the table below

o |0 1 2
0 |0 1 2
1 1 0 2
2 2 2 |0

Clearly that 28 is not torsion free BF-algebra because 2 + 2 = 20(002) = 0.
Conclusion

The concept of generalized derivations of BF-algebras has been introduced in this paper.
Moreover, some properties of g-(l, r)-d (resp. g-(r, 1)-d) of a BF-algebras have been proved.
Also, we showed that the kernel of G is a sub-algebra of a BF-algebras. We then proved some
other properties related to the kernel of G and Fixg; (). The obtained results shows that any
BF-algebras is not torsion free BF-algebra. For further research, we suggest the study of

generalized (o, T)-derivations of BF-algebras.
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