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Abstract

In this paper we introduced the notion of the subact of FS-injective S-act, we gave an example
show that subact of FS-injective S-acts need not be FS-injective. Thus we investigated some
kinds of sub acts which inherit the FS-injective property such as fuzzy fully invariant subact ,
fuzzy retract subact ,fuzzy intersection-large and fuzzy stable subact finally we studied some

properties of the subacts of FS-injective .
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Introduction

Injective and quasi injective S-act were studied by [4,8], after that [5] initiated semi-injective
S-act as a generalization of quasi injective S-act and semi injective module. In application
point of view, fuzzy S-act was widely used in many engineering applications such as model
fuzzy discrete system .This has been giving the motivation in recent years to investigate

fuzziness of different kinds of S-acts.

In (2021) fuzzy injective and fuzzy quasi injective S-acts were defined and studied by many
others (see, [1,7]). As a generalization of fuzzy quasi injective S-act and fuzzy semi injective
module [2]. Fuzzy semi injective S-act (FS-injective) has been introduced by [6].

In this research we investigated the fuzzy sub acts of FS-injective S-act .First we showed by
examples that fuzzy subact of FS-injective need not be FS-injective S-act, so we gave some
kinds of subacts that inherits the fuzzy semi —injectivity property and studied some of their

properties .
Preliminaries

Definition (1) [9]: An S-homomorphism f:A—B is called retraction if there exist an S-
homomorphism h:B—A such that f o h = Iz and B said to be retract of A.

Definition (2)[5]:An S-act N is said to be multiplication if each subact of N has the form NI
for some right ideal | of S. For example Z is a multiplication (Z,.)-act.

Definition(3)[5]:Anon zero subact H of an S-act N is called an intersection large (N-large) if

for all nonzero —act X of N, XNH#0 this will denoted by HE' N .

Definition (5)[8]:An S-act N is quasi-injective if for any subact K of N and gehom(K,N)
there exist an S-homomorphism h: N—N such that h|,=g.

Definition (6)[5]: An S-act N is said to semi injective if for each subact H of N and S-
monomorphism g:H—H and each S-homomorphism k:H—H ; there exist an S-

homomorphism f: N—N such that f o inc o g = inc og o k.
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Definition (7)[6]: Let A be a fuzzy S-act on the S-act L then it is called fuzzy semi-

injective(FS-injective)lf :
1. L is semi-injective S-act.
2.1 (£) < A(f(¥)) vf ehom(L,L)

Definition (8 )[7]:Let B be a fully invariant and if (B, 4z)is a fuzzy subact of fuzzy S-act
(L, A,) then(B, Ag) is called fuzzy fully invariant B(15)< Ay for each fuzzy S-

homomorphism .

B: (L! AL)_) (Lv AL)

Definition(9)[7]: Let A be a stable and let (A, A4) be a fuzzy subact of fuzzy S-act (L, A;)then
(A, A4)Is called fuzzy stable if ¢(1,) € A, for each fuzzy S-homomorphism ¢: (A, 14)

_)(L, AL) .

Definition (10)[7] :Let (H, Ay) and (L, A,) be two fuzzy S-acts then (H, 4y) is called fuzzy
retract of (L, A,) if there exist a fuzzy S-homomorphism ®:(L, A)— (H, 1) and y:
(H, A5) —(L, A;) such that {r o =1y, .

Definition (11)[7]:Anon —zero fuzzy subact (H,A, ) of fuzzy S-act (N,4y) is called fuzzy

intersection- large if for all non-zero fuzzy subact (B,15.) of Ay such that Az A Ay#0 .

Definition (12 )[7]:Let L be a quasi —injective S-act (L,A;) is called fuzzy quasi injective S-
act (FQ-injective)if for each fuzzy subact( H, A,) of (L,A;) and for each fuzzy S-
homomorphism y: (H,Ay) — (L,Ay) there exist a fuzzy S-homomorphism ¢: (L, 4,) —

(L, A) such that ¢ is an extension of { .

Proposition(13)[5] :Every subact of multiplication of semi-injective S-act is semi- injective .
Proposition (14) [5]: Every stable subact of semi-injective is semi-injective .

Proposition(15)[5]:Let N be a semi-injective S- act then every N-large quasi —injective

subact of N is stable .
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Proposition (16)[5]:Every fully invariant subact of semi-injective S-act is semi — injective .
Proposition (17)[5]:Every N-large fully stable subact of semi —injective S-act is quasi-

injective .
Fuzzy semi-injective subact
In this section, we will investigate the subacts of FS-injective

Definition(1) :Let H be a subact of the act L, A, and A, are the characteristic functions of H
and L respectively, suppose that (L , A;) is FSl-act if (H, Ay)is a FSI- act by itself then

(H, Ay) is called fuzzy semi-injective S-subact of (L, A;)( FS-injective subact) .
In the following examples we will show that a subact of FS-injective need not be FS-injective.

Examples(2): 1. Let M=Z@®Q be an Z-act if A, is any fuzzy set on M then it is easy matter to
show that (M, A,) is not FS- injective subact of the FS- injective S-act (E(M),Agy)).(since it

contract condition one of our definition see[3] ) .

2.Let M={1,2,3,4,5,6}, then the subgroup of the permutation group S¢, G=<{(1234),(56)}>
is an abelian group generated by (1234)and (56)of order 8. We see easily that G={1,(1234),
(13)(24), (1432), (56), (1234)(56), (13)(24)(56),(1432)(56)} where I is identity permutation
\We view that G is not semi injective Z-act . Also if we suppose M={1,(13)(24), (56),
(13)(24)(56)}. Define g:M —> M by

(56)  x=(13)(24),(56)
g(x)=
| x=(13)(24)(56),I

If G is semi injective Z- act, then there exist an extension :G —>G of g .Then
f((1234))=a for some a€G hence f((1234) o (1234))= f((1234)) o f((1234))=a2.  So (56)

=f((13)(24))= aZ if a is an even or odd permutation of G then a? is even permutation which is
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a contradiction in both cases (56) is odd permutation . Thus G is not semi injective sub act of

M but injective envelope of G is semi injective .

Proposition (3) :Every fuzzy fully invariant subact of FS- injective S-act is FS-injective S-

act .

Proof : For each fuzzy subact (K, A;)of a fuzzy fully invariant subact (N, A,) of FS-
injective (M, 4,,) and each fuzzy S-homomaorphism f: (K, 1;)— (K, 4;) as the following

figure(1) :
(KA k) (K, Ax)
i)L \Lik

W
(N, Ay) ————=(N, Ay)

i iy
N

Figure 1

Wherei,iy are the inclusion mapping of N into M by FS- injective there exist g: (M, 1y,)) ———>
(M, Ap) such that g extension of f:

Now we must prove (N, Ay) is fuzzy semi injective:

1. N is semi injective by proposition ( 2.16)
2. Toprove Ay(h(N))>Ay(N) V¥ hehom(N,N).

Now ¥V h € hom(N, N)
3 g € hom (M,M) such that g(N)=h we get Ay (h(n)= Ay(g(n) > Ay (N)
(since Ay is fuzzy fully invariant) .

Hence Ay(h(n))> Ay(n) there fore A, is FS- injective.
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In order to show that FS-injective property inherits for fuzzy retract we need the following:
Lemma(4) :A retract of semi-injective S-act is semi-injective .

Proof: Let N be a retract of semi injective S-act M then N is a direct summand by (if N is a

subact of an S-act L then N is a retract iff N is a direct summand ) .
Let A be a subact of N then there exist ge End (M) .

such that ge iy o ip=iy © i of as in the figure(2):

2 > A
ia 1A
\/
N >N
iy Iy
W
M a M
Figure 2

We can find h:N—N where h=my o g o iy Where Ty is the projection map from M onto N

(since N is direct summand of M)
Now he iA:T[N oQgo iN o iA:T[N o iN o iA of = ho iA:iA of
=N is semi-injective.

Proposition (5):A fuzzy retract of FSI-act is FS- injective .
Proof: Let (C,A.) be a fuzzy retract of FS-injective S-act act (D, 4p) then C is semi injective

S-act by (4) there exist a fuzzy S-homomorphism f: (C,A.)— (D, 4p)

So Ap(f(c))> A.(c) 1)
S0 A.(g(d))= 4p(d) ()
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And g: (D, 4p)— (C,A¢)

But D is semi injective = 3 a:D—D such that

Ap(a (d))=Ap(d) vd €D (3)

And hence 3 6 € End (c) where 6=go a of

Ac(0 (€)= A¢ (9 © @ of)(C))= Ac (9( a(D)(c))) 24p ((a(f)(c) by(2)

>Ap (((F)(c)) by(3)
= Ac(0) by(1)
Thus (C,A¢) is FS-injective S-act .
Proposition(6):Every fuzzy sub act of multiplication FS- injective S-act is FSI-act.

Proof: Let (L,A,) be multiplication FS- injective and let (A, A4) fuzzy sub act of (L, 4,) by

proposition (13) we get A is semi-injective S-act .To show A4(a(a)) > 14(a)
VY a € hom(A,A) there exist § € hom(L,L) such that f= a(A)= a(IL)=I a(L)< IL=A
(since (L,A;) multiplication) .

Aa (@(@)= 24 (B(a) > A4(a) thus A4 (a(a) ) > A4(a) there for A, is FS —injective

See figure(3):
(A Ay ) —e——{A, 4y )
\
LA) —— (L)
Figure 3
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Proposition (7): Every fuzzy stable sub act of FS- injective S-act is FS- injective with A} | .=
Ac .

Proof: Let (L,A;) be aFS —injective S-act and (C, A.) be a fuzzy stable sub act by (2.14) C is
semi injective so there exist Y € End(C).As in the figure (4):

A—>A

L————=L
Figure 4

Let f=i. o yr ehom(C,L)

Ac (P(C)=Ac(i. o P(c))= A(f(c)) by stability of C, f(c) e C

=, (f(c)> A(c) by semi injective of L

:Ac(C) .
Thus (C, A;) is FS- injective S-act .

Proposition (8) : Every intersection large fuzzy fully stable sub act of semi-injective S-act is

quasi —injective .

Proof: Let(L, A;) be FS- injective S-act and (c, A.) is fuzzy fully stable subact of (L, 4;) .
(A, A,). be a fuzzy subact of (c, A;) .
Now for each fuzzy S-homomorphism feEnd (C,A)by fully stability of C we have f €End (c)

, but (L, A,) is FS- injective S-act so there exist g €End ( L) which is extension of f and
2,9(9) )= A.(¢) -
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Again by fuzzy fully stability of (c, A;) we have g|. €End (C) and A.(h(c)) )> A.(c)
So C is FQ —injective.

Proposition (9): Let (L, A;) be FS- injective S-act then every intersection large FQ-injective

subact of (L, A,) is fuzzy stable .

Proof: Let(A,A,)be an intersection large FQ- injective sub act of (L, A;) for every fuzzy S-

homo f ehom (A,L) . Let A=f~1(A) and a=f | , €hom (A ,A)
by FQ- injective of (A,A4,) then 3 g€ End (A) And A4(g(a))> A (a) YV a e
A by FS- injective of (L, A;). Then there exist he End (L)

And 2, (h(x))>A,(x) VX EL .

But (A,4,) is N-large, So f=h| =g see the proof of proposition (2.15) .
Then 4, (f(2))= Aa (h(2))=Aa(g(2)) ) 2 Aa(@) =f(Ls) S A4 .
=(A,1,) is fuzzy stable.

Theorem (10)

If A is FS- injective S-act on N and H is semi injective S-subact of N then there exist FS-

injective S-acton H :
Proof:Since A is FS- injective S-act on N then:
1.N is semi injective 2. A(n)<A(g(n)) Vv g€ hom (N,N)

Let V=44 to prove that V is FS- injective, since H is semi injective by hypothesis we must

just show that for the second condition as follows
V(h)= A(h)< A(g(h)) but g|z=w vy € hom (H,H)
= AW()=V(W(h)) .

Thus V is FS- injective.
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Corollary(11) :If L multiplication FS- injective then there exist FS- injective S-act on each

subact of L .

Proof: Let H is a subact of L then by (13) we get H is a semi injective S-act and by theorem
(3.10) there exist Ay FS- injective on H.

Conclusion

Our goal in this article is to introduce the notion of FS-injective subact used this new ideal to

show that is not necessary every subact of FS-injective S-act is FS- injective, also we gave

some new kinds of subact which inherit the FS-injective property such as fuzzy fully invariant

subact, fuzzy retract subact,fuzzy intersection-large and fuzzy stable sub act .
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