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Abstract

In this paper, we consider a new class of fuzzy functions called Fuzzy Integro- Differential
Equations.Some numerical methods, such as cubic spline have been used to determine the
solutions of these equations. We extend these numerical techniques to find the optimal
solutions. Exponential spline technique is used for this. The results shown that Exponential
spline method is more accurate in terms of absolute error. Based on the parametric form of the
fuzzy number, the integro- differential equation is contacted into two systems of the second
kind. Illustrative examples are given to demonstrate the high precision and good performance
of the new class. Graphical representations reveal the symmetry between lower and upper cut
represent of fuzzy solutions and may be helpful for a better understanding of fuzzy model
artificial, intelligence, medical science and quantum.

Keywords: Fuzzy integro-differential equations, Exponential Spline, Exact solution, Approximate

solution, Fuzzy parameter.
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Introduction

Fuzzy Integro-Differential Equations play very important rules in modeling dynamic systems
in many applied fields such as speech processing, biological signal processing, science,
electroencephalogram classification EEG, economic, engendering, communication systems
and in the other sciences. In fact, most problems in nature are indistinct and uncertain,

therefore the model rule are important.

Since 1972[1], both types fuzzy differential equations and integro differential equations have
been studied extensively. Fuzzy derivative and its generalizations was introduced [2]. On the
other hand, the fuzzy integral was introduced [3], they showed that fuzzy differential equation

in the following form:

{y’(t, r) = g(t,y(t,1))
y(to,7) = yo (1)

Has a unique solution in fuzzy case under the condition g satisfies the Lipschitz. Fuzzy Cauchy
problem was studied [4]. Investigated existence and uniqueness of solutions for fuzzy Volterra
integrodifferntial equations with fuzzy kernel function. [5] introduced a new class of cubic
spline function approach to solve fuzzy initial value problems [6] applied the generalized spline
technique and Caputo differential derivative to solve second kind of fractional integro-
differential equations [7]. They Compared of the applied method with exact solutions reveals
that the method was tremendously effective [8] proposed the extended trapezoidal method to

solve fuzzy initial value problem that has first order.
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The study of fuzzy integro differential equations was considered as a new branch of fuzzy
mathematics. The analytical methods for finding the exact solutions of fuzzy integro differential
equations is rather difficult [9]. So the numerical technique is the best way to resort to it. The
aims of this study to improve the accuracy of the numerical solutions of fuzzy integro-
differential equations. The exponential spline method has been used to solve these equations
but current practice has less accuracy with error in approximating the solution for large step
size. We proposed extended cubic spline technique to solve fuzzy integro-differential equations
numerically. The results are expected to be more accurate as compared to be existing method
[10].

The paper is organized as follows: Section 2. contains the Preliminaries. In section 3.
methodology description for solving fuzzy integro-differential equations is given. In section

4, two examples are presented.The Conclusion of this paper is shown in section 5.

1. Preliminaries

In this paper,we use the following notations: X(t,,) and X,, are exact solution and

approximate solution respectively in time t,,.

Definition (1.1) [10]: A fuzzy number v is a fuzzy subset of a real line which it satisfies the
following conditions Convexity, normality and upper semi continuous membership of

bounded support.

Any fuzzy number v can be represented by the following parametric form (y(r),V(r)) ,0<

r < 1. That satisfies
v(r) is non-decreasing and bounded leftover 0 <r <1
v(r) is a bounded left continuous and non-increasing over 0 < r <1
For each re [0,1] then v(r) < v(r).

Definition (1.2) [11]: The r-level set is defend as [u]” = {s;u(s) =r}, 0<r <1
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Consequently, [u]™ can be written as close interval

[u]” = [u (), u()]
Definition (1.3) [12]: A triangular fuzzy number is a fuzzy set V in X that is characterized by
atri-ordered (a;, a., a,.) in the space R® with a; < a, < a, such that [V]° = [a;, a,] and
[V]* = {a.}. The r-level set of a triangular fuzzy number V is given by [V]" =
[ac — (A —7r)(ac —a),ac + (1 —7)(a,r —aJ)l.

Proposition (1.4) [13]: Let g: [a, b] X [0,1] — X be a fuzzy function such that g(t,r) =

(g(t,r),g(t,r)), then, If g is differentiable then g(t, ) and Gi(¢, ) are differentiable
functions and g'(t,r) = (g_’(t, r),7 (¢, r))

Definition (1.5) [14]: Let g: [a, b] — X. Then for any partition P = {a = ty, t,t3, .., tyy =
b}Yand¢; € [t;, tiy1] ,i =0,1,2,...,m the definite integral of g over a, b] is

b
L g ®)dt = 11913(1) Mop
Where, 9 = max{|ti+1 - til;i =0,12,..,m } and M:p = ?;1 g(fi)(ti+1 — ti)

Wheng is a fuzzy and continuous function then for each fuzzy parameter 0 < r < 1, its

definite integral exists and also [7]

/b b
(Lg(t,r)dt)zfag(t,r)dt @

k(Jabg (¢, r)dt) = Jaby (t,r)dt

Definition (1.6) [15]: Letu = (g(r),ﬁ(r)) and v = (g(r),V(r)),O <r <1 be fuzzy

numbers. The distance between them is defined as follows
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1 5 1 , 1%8
d(u,v) = U; (g(r) — y(r)) dr +j; (u(r) — V(r)) dr 3)
2. Methodology Description
The fuzzy integro-differential equations
b
{X’(t, r)+ P(t,r) X(t,r) = f(t,r)+ Bf k(t,s)X(s,r)ds @
X(a) = Xo(r)

Where, f >0, kisan arbitrary given, X'(t,r) is a first order derivative of the fuzzy
function which defined on [a, b] and is already given, r is a fuzzy parameter with values in
[0,1], k(t,s) over s,t € [a,b] is the kernel of this equation.

In parametric form, equation (4) is represented as follows

b
()L’(t, r)+ P(t,r) X(t,r) = i(t, r) + ﬁf k(t,s)X(s,r)ds

b
SX'(t,r) + P(t,r) X(t,7) = f(t,r) + B f k(t,$)X(s,r)ds (5)

X(a) = Xo(r)
\ X(a) = Xo(r)

In addition, P(t,r) X(t,r) = P(t,r)X(t,r), P(t,r) X(t,r) = P(t,")X(t, 1), P(tT) =

(Pt P(tT))  k(t,$)X(5,7) = k(t,$)X(5,7) , k(6,$)X(5,7) = k(t, )X (s,7)

Suppose that the n + 1 data points, t;,i = 0,1,,2,,,,.n are the knots and increasing in order

are given.Fuzzy exponential spline S(t, r) through the above data points can be defined as

follows
S(t, 1) = a(r)ePEt) 4 b(r)e?P(t-t) 4 c(r)e3Pt-to) 4 d(r)e*F(t-to) (6)
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Where, S(t.r) = (S(t,7),5(t,7)) , a(r) = (a(), @), b(r) = (b(r),b(r)) ,c(r) =
(g(r),z(r)), d(r) = (g(r),a(r)) and 8 is arbitrary positive real values,
By replacing t by t, in equation (6), we have
S(to, 1) = a(r) + b(r) + c(r) + d(r) (7)
Again, by replacing t by t; in equation (6), we have
S(ty,7) = a(r)eP? + b(r)e?Pt + c(r)e3Ph + d(r)e*Ph (8)
By substituting S(t.r) in the equation (6) into equation (4), we get

D(a('r)eﬁ(t—to) + b(r)eZB(t—to) + C(r)e3ﬁ(t—to) + d(T)e4B(t_t0))
+ P(t, 1) (a(r)ePtt) + p(r)e2Pt=t) 4 ¢(r)e3B(t-to)
+ d(r)e‘l'ﬁ(t_to))
= f(t,r)

b

+ ﬁf k(t,s)(a(r)ePC=t) + p(r)e?P=t) 4 c(r)e3P—t)
a

b d(ee-0)ds ©

This implies
b
a(r) (eﬁ(t‘to)(B + P(¢t, r)) — Bf k(t, S)eB(s—to)dS>
b
+ b(r) <e2‘3(t‘t0)(26 +P(t,71)) — Bf k(t, s)eZB(S—to)ds>

b
+¢(r) <e3ﬁ(t‘t0)(3[3 +P(t, 7)) — Bf k(t, S)eSB(s—to)ds>

b
+d(r) <e48<t-to>(4s +P(t,7) - B J k(t, s)e4B(S"t°)ds> (10)
a
=f(7r)
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Now, we use the following notations

b
My () = eBED (B + P(,7)) — B f k(t,)ePG—0) ds

(11)
b
My(t) = e?PE)(28 4+ P(t, 1)) — BL k(t,s)e?PG-%)ds 12)
b
M;(t) = e3FEt) (38 + P(¢,1)) — BL k(t,s)e3BG-tods (13
B(t—to) ’ B(s—to)
— 4B(t—tg _ 4B(s—to
M,(t) =e (48 + P(t, r)) BL k(t, s)e ds 14)
Consequently,
[ 1 1 1 1
IMl'(tl) Mz_(tl) M3_(t1) M4(t1) I
M =| |
[ (tm) MZ (tm) M3 (tm) M4-(tm)J (15)
a(r)
_ |b()
o) =1 ) (16)
d(r)
Xo(r)
By = | &m) (17)
f(tn, 1)

Foreachr, M and E(r) are (n+ 1) x4and (n+ 1) X 1 matrices respectevely, G(r) is

unknown vector.

If n> 3 then our system have n + 1 equations and 4 coefficients therefore,
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MITMSG(r) = ME(r)
(18)

where, M'" is transpose matrix of M.

3. Hlustrative examples

To show the efficiency and accuracy of the propose technique with various values of step

size, we consider the following two examples.
Example (3.1): Consider the following integro-differential equations taken from (4)

1
X'(t,7) + X(t,7) = ((3 + 3r) sinh(t), (8 — 2r) sinh(¢)) + f (t —s)X(s,r)ds

0

X0, =(B+3r),(8-2r)) , te[01,0<r<1 (19

)

The exact solution is given by
X(t,r) = ((3 + 3r) cosh(t), (8 — 2r) cosh(t))
(20)

To compare we use the formula d(X,,, X(t,)) = Sup max(X,, — X(t,), X, — X(t,))

0<r<1

Let us compute the approximate solution of equation (19) by using exponential spline
method. Here, we take step size h = 0.1, h = 0.01 and h = 0.001
Consider equation (19), then
P(t,r)=1,f(t7r) = ((3 + 3r) sinh(t), (8 — 2r) sinh(t)) ,a=0,b=1and k(t,s)
=(t—s)
Approximate solutions ﬁX_n can be found by solving equations in (18) (see Fig. 1, 2, 3)

And Table 1, 2, 3,4)
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Table 1: The fuzzy coefficients of equation (6) are computed when h = 0.01,t = 0.3, =1

r a(r) a(r) b(r) b(r) c(r) c(r) d(r) d(r)

0 6.9681 18.5816 -6.2435 -16.6493 2.5832 6.8886 -0.3684 | -0.9824
0.1 7.6649 18.1171 -6.8678 -16.2331 2.8415 6.7164 -0.4052 | -0.9578
0.2 8.3617 17.6525 -7.4922 -15.8168 3.0999 6.5442 -0.4421 | -0.9332
0.3 9.0585 17.1880 -8.1165 -15.4006 3.3582 6.3720 -0.4789 | -0.9087
0.4 9.7553 16.7234 -8.7409 -14.9844 3.6165 6.1997 -0.5157 | -0.8841
0.5 10.4521 14.5681 -9.3652 -16.2589 3.8748 6.0275 -0.5526 | -0.8596
0.6 11.1490 15.7944 -9.9896 -14.1519 4.1332 5.8553 -0.5894 | -0.8350
0.7 11.8458 15.3298 -10.6139 | -13.7357 4.3915 5.6831 -0.6262 | -0.8104
0.8 12.5426 14.8653 -11.2383 | -13.3194 4.6498 5.5109 -0.6631 | -0.7859
0.9 13.2394 14.4007 -11.8626 | -12.9032 4.9081 5.3387 -0.6999 | -0.7613

1 13.9362 13.9362 -12.4870 | -12.4870 5.1665 5.1665 -0.7368 | -0.7368

Table2: h=0.1, =1,

D
o 0 0
! 03 0.0057
= 1 05 0.0013
0.7 0.0030
0.9 0.0078

Figure 1: Exact Solution

Table3: h=0.01, pg=1

t D
0
0.3 0.0040
0.5 0.0008
0.7 0.0015
0.9 0.0039
Figure 2: Approximate Solution
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AR\ < H2
J \
,/ \_ . Table4: h=0.001, =1
L /// \'\." i 1 t D
. 7l \ |
/ \\ 0 0
/ \ 0.3 3.7%x 1075
2t / 1 : T N\ 1 0.5 7.58 x 107>
y \ | 0.7 0.0013
/ \ 0.9 0.0036

Figure 3: Exact and Approximate Solution at t=0.3

Example (3.2): Consider the following integro-differential equations

X'(t,r)+2X(tr) = ((1 +r)(1+t),3-r)(1+ t)) —f X(s,r)ds
0 (21)
X0,r)y=1Q+r3-7r), te[02],0<r<1

P(t,r)=2,f(t,r) = ((1 +r)(1+¢t),3-r)(A+ t)), B =-1, k(t,s) =1
The exact solution is given by
Xer)=(1-eDHA+n+et1-01+7r),1—-eH3B-1)

t+et(1-t)3-1)) (22)

Approximate solutions X,, , X,, can be found by solving equations in (22) (see Figs. 4, 5. ,6.)

and Tables( 5,6,7)
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Figure 4: Exact Solution
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Figure 5: Approximate Solution

Appeszzante Sedut ow (03
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Y Y Y Y T

Figure 6: Exact and Approximate Solution at t=0.3

Table 5: h = 0.01,

t D
0 0

0.3 0.0040

0.6 0.0037

0.9 0.0052

1.2 0.0114

15 0.0652

1.8 0.0625

Table 6: h =0.01

t D
0 0

0.3 0.0023

0.6 0.0883

0.9 0.0466

1.2 0.0117

15 0.0448

1.8 0.0603

Table7: h = 0.01

t d

0 0

0.3 | 0.0026

0.6 | 0.0858

0.9 | 0.0449

1.2 10.0120

15 | 0.0426

1,8 | 0.0604
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Conclusion

In this work, a new class of exponential spline function method is introduced for solving fuzzy
integro-differential equations subject to fuzzy initial conditions. This technique proves its
efficiency and reliability in solving of these equations by providing the best approximate
solutions. The numerical outputs obtained using the proposed techniques are comparable to the
exact solutions of our proposed model. We showed that the step size h played a fundamental
and important role in reducing the error rate which resulting from the approximation of
solutions for Fuzzy Integro-Differential Equations. Thus, our work in this paper, one can extend
this method to solve fractional-order fuzzy initial value problems. Finally, we would like to
refer that the proposed equation can be applied to various fields such as environmental,

medicine, economy, engineering and biomedical.
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