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Abstract
In this paper, we extended some numerical methods to solve fuzzy integro differential equations.
The considered problem involves the fractional Caputo derivatives under some conditions on
the ordered. As we combine Euler's method with composite Simpsons have been used to
determine the solutions of these equations. We extend these numerical techniques to find the
best solutions. Extended difference Euler technique is used for this. The results show that the
extended Euler method is more accurate in terms of absolute error. lllustrative examples are

given to demonstrate the high precision and good performance of the new class.

Keywords: Euler method, exact solution, approximate solution, fuzzy parameter, Caputo
Fractional.
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Introduction

The fuzzy theory and integro-differential equations of fractional order are of great importance
since they can be used in analyzing_and modeling real world phenomena. The fuzzy fractional
integro- differential equations have been recently used as effective tools in the modeling of
many phenomena in various fields of applied sciences and engineering such as acoustic control,
signal processing, electroencephalogram classification EEG, electromagnetics, optics,

medicine, economics, and statistical physics and other scieces.

Since Zadeh in 1972 [6], both types fuzzy differential equations and integro differential
equations have been studied extensively. The fuzzy derivative and its generalizations was
introduced [1]. On the other hand, the fuzzy integral was introduced [2], they showed that fuzzy
differential equation is the following form:

{Z'(t, r) = h(t, z(t, 7)) (1)

Z(tOI T) =Zy

Has a unique solution in fuzzy case under the condition g satisfy the Lipschitz. Fuzzy Cauchy
problem was studied [3],[4] investigated existence and uniqueness of solutions for fuzzy
integro- differential equations with fuzzy kernel function[5],[11] proposed the extended of
trapezoidal method to solve the fuzzy problem that has first order.[18] used fixed point theory
to achieve the existence and uniqueness of Caputo -fractional fuzzy Volterra Fredholm integro-
differential equation. The two-dimensional Legendre wavelet was studied [19]. They

approximated the solution of Caputo-fractional fuzzy integro-differential equation.

The study of fuzzy fractional integro -differential equations has been introduced as a new branch
of fuzzy theory. The analytical methods for finding the exact solutions of fuzzy integro-
differential equations is very difficult, so the numerical technique is the best way to resort to it.
The aims of this study to improve the accuracy of the numerical solutions of fuzzy fractional
integro-differential equations. The Euler method has been to be able to solve these equations,
but current practice has less accuracy with error in approximating the solution for large step

size. We proposed extended Euler technique to solve fuzzy fractional integro-differential
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equations numerically. The results are expected to be more accurate as compared to be existing
method. The contributions of this paper as follows: we derive an efficient method for computing
the approximate solutions of the proposed model, and discover some properties which related
between fuzzy theory and integro-differential equations. Also, we show that the control
parameters contributes effectively to determination of approximate solutions for fuzzy
fractional equations.

The paper is organized as follows: section 1. contains the Preliminaries. In section 2.
methodology description for solving fuzzy integro-differential equations is given. In section 3,

one example is presented. The conclusion of this paper is shown in Section 4.

1. Preliminaries

In this paper, we use the following notations: X(t,,) and X, are exact solution and

approximate solution respectively in time ¢,,.

Definition (1.1) [12]: A fuzzy number v is a fuzzy subset of a real line which it satisfies the
following conditions Convexity, normality and the membership of bounded support is upper

semi continuous.

Any fuzzy number v can be represent by the following parametric forms (y(r),V(r)) ,0<5r <

1. That satisfies

a) v(r) is non-decreasing and bounded leftover 0 <r <1

b) v(r) is a bounded left continuous and non-increasing over 0 < r <1
For each re [0,1] then v(r) < Vv(r).
Definition (1.2) [7]: The r-level set is defined as [u]” = {s;u(s) =>r}, 0<r<1

Consequently, [u]” can be written as close interval

[ul” = [u (™), )]
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Definition (1.3) [10]: A triangular fuzzy number is a fuzzy set V in X that is characterized by
atri-ordered (a,, a,, a,) in the space R® with a; < a, < a, such that [V]° = [a;,a,] and
[V]* = {a.}. The r-level set of a triangular fuzzy number V is given by :

VI" =la. — (1 =7r)(ac — a), ac + (1 —r)(a, —al.

Proposition (1.4) [8]: Let P:[a,b] X [0,1] = X be a fuzzy function such that P(t,r) =

(g(t, r),y?(t,r)), then, If P is differentiable then P(¢t,7) and P(¢,r) are differentiable

functions and P’ (t,r) = (g(t, NP (t, r))

Definition (1.5) [9]: Let ¢: [a, b] - X. Then for any partition P = {a = t,, t;,t5, ...,t;y = b }
and &; € [t;, tiy1] ,i = 0,1,2,...,m the definite integral of ¢ over [a, b] is

b
L @ (t)dt = 11913}) Mop
Where, 9 = max{ltiﬂ — til:i =012,..,m } and Mp = ?;1 (p(fi)(ti+1 — ti)

In the case ¢ is a fuzzy and continuous function then for each fuzzy parameter 0 < r < 1, its

definite integral exists and [7]

J[(f: o (t, r)dt) = ffg (t,r)dt
(2)

L(ff o (t,r)dt) = [} 5 (t,r)dt

Definition (1.6) [10]: Let x = (g(r),i(r)) and y = (X(r)j(r)),o <r<1 be fuzzy

numbers. The distance between them is defined as follows:

2 0.5
d(x,y) = [fol (x) —y®)) ar + [}G@) -5’ dr] ®)

Definition (1.7) [13]: The a - Caputo fractional derivative of areal h € C(a,b), is
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1 t h®™(7) B
DE¢h(t) = TI-o X —gendt n—1<a<néeN } "
h(n)(t)r a=ne€EN
Definition (1.8) [13]: The a - Caputo fractional integral of a real function h € C(a,b) is
1 t_h@
[Eh(t) = T fa (t-pt-¢ A } (5)
h(t) ) a=20

Proposition (1.9)[15]: Assume that the Laplace transform of non-negative function ¢ exists on

[a, o) with some a € R. Let « > 0 and n = [a]. Then, for s > max{0, a} we have

LI§Q(s) = 5 Lo(s) (6)
LD§p(s) = s Lp(s) — Thay s *(0) (7)

Definition (1.10) [14]: The Mittag-Leffler function E g(t) forany o, > 0 is

Eqp(D) = Z?f’ﬂm (8)

Proposition (1.11)[14]: For each values a, t,n1 > 0, the following statements are hold , A € C

If y(t) = Eq(—nt*) then Ly(t) =A*"'A%— 7! ©)
d - had (_ T])mrotm—l
aEa(_ nr ) = L F(ma)

Proposition (1.12)[17]: The following relation is hold forany o, > 0 and A € C

If y(t) = t*1 Eﬁ,a(atﬁ) then Ly(t) = 7\3_“(7\3 - a)_1 (10)

Definition (1.13) [16]: let X(t) be a a - fractional differentiable function such that 0 < a < 1. Then,

fractional Euler method for X(t) at t,,, can be written as:
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h%Ap_q

Xn = Xn_1 +DEX(tp_1) ——~ D)

(11)
Where, A,_1= (n)*—(n—1)%

2. Methodology Description

The fuzzy fractional integro-differential equation is

{Dgx(t, )+ P(t,1) X(6,7) = f(t,7) + B [, k(t,$)X(s,r)ds 12)

X(a) = Xo(r)

Where, D¢ is a Caputo fractional derivative of order 0 < a < 1 which defined on [a, b] and is
already given, g >0, re [0,1] is a fuzzy parameter, k(t,s) over s,t € [a, b] is the kernel

of this equation.

In parametric form, equation (12) is represented as follows:

(DEX(t,7) + P(t,1) X(t,1) = f(&,7) + B J k(t,$)X(s,7)ds

J DEX(t,r) + P(t,r) X(t,r) = f(t,7) + B f: k(t,s)X(s,m)ds (13)
| X(a) = Xo(r)
\ X(b) = Xo(r)

In addition, P(t,r) X(t,r) = P(¢t,m)X(t,7),P(t,r) X(t,r) = P(t,"X(t,71), P(tT) =

(B(t, r), P(t, r)) Jk(t,s)X(s,r) =k(t,s)X(s, 1), k(t,s)X(s, 1) = k(t, )X (s, 1)

The formula of Euler method is:

a h%An—q
Xn = Xn-1+ DEX (tn-1) Torisy
X,y = X, — DIX(t,) Thn=t 14
n-17 " T(a+1)
Where T' is a gamma function. Equations in (14) give the following formula:
h%Ag,—
Xn = Xn-1+ s (DEX(tn_1) + DEX(t,)) (15)
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To use the following notations in the equations (13)
b b
f(t' T, X(t, r),f k(t,s)X(s, r)ds> =—P(t,r) X(t,r) + ]_C(t, r) + ﬁf k(t,s)X(s,r)ds
. b - b
Y (t, T, X(t, r),f k(t,s)X(s, r)ds> =—-P(t,r)X(t,r)+f(t,r)+ ﬁf k(t,s)X(s,r)ds

b
Un == B Xn+ fo + B[, k(tn, 5)Xnds

16
Y == B X+ o + B [ ko, $)Xyds (16)

Where, B, X, = P(t,,,r) X(t,, 1), ]i = ]_f(tn, r). k(ty,, )X, = k(t,, s) X(t,,1r), B, X, =

P(tn,7) X(tn, ), foo = f(tn,7) and k(ty, )Xy, = k(tn, )X (tn,7)

Now, applying these notations and the formula in (15) on equations in (13), we have

_ h%An—q
)& - )ﬁ + 2T (a+1) (M + ﬂ) (17)
—_— —_— hOLAn_ —_— JR—
Xn=Xp1+ 2F(a+11) (lpn—l + lpn)

Now, using composite Simpsons on with n subintervals and s belong to [a, b], the integral part

of equations in (16) is approximated by
2h
Iy = = (k(to, to)Xo
- 2h —
Iy = 3 (k(to, to)Xo)
h
b = 5 (k(t1, t0)Xo + k(tr, 0)X,)

- h — —
I, = 3 (k(tp to)Xo + k(ty, t1)X1)
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{gn f k(t,, s)Xpds =~ (k(tn, to)Xo + 4 Xkt k(ty, i) X + k(ty, tn))&)
i

—_ — (18)
n f k(tnr S)X ds =~ (k(tn; tO)XO + 42 k(tn' tk)Xk + k(tn: tn)Xn)
Consequently, the equations in (16) become
Yop=—PB Xpn+ funt+ Pl
_ —_— = (19)
Yp=—FP Xn+ fnt+Bly

By substituting equations (19) and (18) in equations (17), we get on the following formulas
n=2,3,

¥ = haAn—l P ha+1 k -1 Y o
- { ¥ 2r(a+1) = 6 (a+ 1)ﬁ (b tn)} An-1 m(lpn 1)
h*A,_4 ﬁ n-1

ZF(a +1) {f" (k(t"’ to)Xo + 42 k(ty, tk)Xk)}}
- h¢ An P hot+1A N 1 X_
" { CES VI T AL CY t")} no1 zr( e )

b+ B (ke 0% 44k, tk)x_k)}}

(20)
The first and second states are expressed by
h potl -1 ho
X, ={14+—--— Xg+—
=L { + 20 (o + 1) S 6l(a+1) orat Pk tl)} 2ot 20 (a+ 1) (‘/’0)
h¢ ﬁ
m {f1 (k (t1, to)Xo)}}
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a+1 a

_ S . h _
%= {U e e p )| {X°+m(¢°)

%:1){ (k(tlrto)Xo)}}

(21)
h"‘(2°‘ _ 1) hoc+1(20( _ 1) -1 h"‘(Z“ - 1)
)& — {1 +m P_Z—mﬁk(tz;tz)} {ﬁ m(lpl)
h*(2* -1
+ ﬁ{fz (ko + e, “)Xl)}}
. h“(2°‘ _ 1) _ hoc+1(20( _ 1) -1 L ha(za — 1) I
= D P e )| (B e )
h*(2* -1
+ ﬁ{ (k(tz, tO)XO + 4k(t2' tl)Xl)}}
(22)

3. llustrative example

To show the efficiency and accuracy of the proposed technique with various values of step size,

we consider the following example.

Example: Consider the following fuzzy fractional integro-differential equation taken from (12)

DEX(t,r) + X(t,7r) = ((3 + 3r) sinh(t), (8 — 2r) sinh(t)) + fol(t —5)X(s,r)ds

X(0,r)=(B+3r),(8-2r) , te[01],0<r<1 @)
Where, 0 < a < 1, the exact solution is given by
X(tr) = ((3 +37) (£ Ep gy (£2) + 1), (8 — 2r) (9 Ey g (£2) + 1)) (24)
The approximate solution by using extended difference Euler method is given by
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%A, ) h“An
Xn {1 2F(a+11)} Xn- 2F( +11)(¢"‘1)

haA h n—-1
m{@ + 3r) sinh(t,) + - <( — to)Xp + 4Zk=1(tn — t@ﬁ)}

— h*Dp_q ) «
n = {1 m} 1t orr D n 1) (#n-1)
%{(g 2r) sinh(t,) + ((t — to)Xg + 42” ‘e, - tk)Xk>}
(25)
Where
Y, = — X, + (34 3r)sinh(t,) + I,
{: _ _ (26)
Y, = — X, + (8 — 2r)sinh(t,) + I,

Approximate solutions )&,X_n can be found by solving equations in (25) (see Fig. 1., 2, 3, 4,
5, 6) And Table 1, 2, 3)

Eanct Sskbon whan s »20

Tablel: h=0.1,aa=0.9

t |d
0 0
. 0.3 | 0.0052
, 0.5 |0.0149
; 0.7 |0.0188
" 0.9 |0.0237
Figure 1: Exact Solution when a = 0.9
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Apgroemate Solunon when o ~0 9

Table2 h=0.01 ,a=0.9

-..:.'o - . t

D

0

o P g I 08P 0.3

0.0015

0.5

0.0068

ol T L 0.7

0.0145

0.0209

T i QI 0.9

t AN il Table 3 h = 0.001,,a = 0.9
[

; t |d

{ o_|o
| y \, 0.3 [0.0014
i / \ 05 [ 0.0067
I N 1 0.7 _]0.0150

| 0.9 | 00214

Figure 3: Exact and Approximate Solution at t=0.3,a = 0.9

Conclusion

The extended difference Euler technique for solving fractional order fully fuzzy integro-
differential Equations was considered.  This technique proved it’s efficient in solving of
proposed equations by providing the best approximate of its solutions. We showed that the
fractional parameter played a fundamental and important role in reducing the error rate which
resulted from the approximation of solutions for fuzzy fractional integro-differential Equations.
Thus, our work in this paper, can be extended to multivariate fuzzy fractional equations. Finally,
we would like to refer that the proposed equation can be applied to various fields such as

environmental, medicine, economy, engineering and biomedical.
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