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Abstract

A topological index can convert a great deal of knowledge about a mathematical
structure into a concrete number. In theoretical mathematics, the topological indices are
crucial. A topological index is a graph-based Recently, unified approaches have been adopted
to study these topological indices in groups. In this work, we look at the generalized ISI index
since we can obtain some other topological indices as exceptional cases of sum graphs of
groups. These generalized indices reduce the work for calculating some topological indexes
differently.
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Introduction

Let G be a graph, the set vertices V' , and edges E of G denoted as G (V(G), E(G)). In this paper,
we only consider simple finite graphs. The vertex u € V (G) that is degree represented by
deg(u)(or d(u)) of G. The vertices x and y are called adjacent if there is an edge connecting
them that is denoted by x~vy (or xy). An edge xy degree is defined as the number of edges
connected to the edge, that is, the number of edges connected to x and y except for the edge
xy.By G € G,(k,£) we mean that G is a graph with k vertices and £ edges. The terminologies
and notations used but not identified in this article can be found in [1]. Topological indices are
the numerical values that are associated with a graph structure.

Many topological indices have been proposed and studied over the years based on distance,
degree, and other graph parameters. Some of them can be found in [7, 11]. Historically, indices
of Zagreb can be considered the first degree-based topological indices, which apply to many
scientific, chemical, physical and economic, etc. [22-25] Various studies related to group or
ring theory aspects of the Z modulo via graph theory, see that [3-11,21,26] and the references
therein. In 2018, Alwardi A. et al. studied the entire Zagreb indices of graphs [2].

The sum graph of the group (Z, ) is a finite group of order n, where the vertices of the graph
represent the elements of (Z») such that there is an edge between the two vertices a and b if
and only if O(a) + O(b) > O(Z,, ) denoted by G, (Z ;) , where O(Z ,, ) is the order of Z ,, and
0(a),0(b) be the orders of vertices a and b . The Topological indices have been studied in
the last few years; they may be found in [12-16]. In 2013, the index of Zagreb was re-defined
as first, second, and third indices of Zagreb by Ranjini et al. [3]. Further, it can be considered

as a particular case of the generalized inverse sum index 151, ,,(G) of a graph G proposed by

Buragohain et al. in [4].
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In this paper, we computed topological indices, the generalized inverse sum index ISI, ,,(G)

of Gywhere G = Zyn , Zyng, Zpgm and Zyngm , Where p and g are prime numbersand p < q

Basic Concepts and Terminology
In what follows, we focus on a topological index that will be needed in the subsequent
considerations.

The first general Zagreb index (or general Zeroth-order Randic index) @, is defined as
Q(G) =3k, df =%, ; (I +d™). Where k is the order of vertices and y € R [14].
The generalized Randic index (or Connectivity index) R, is defined as
Ry = RY(G) = Zi~j (did]’)y, And Yy ER [14]
The general Sum-Connectivity index H,, asH, = H,(G) = ¥;-;(d; + dj)”, And 1 € R [15].
The generalized inverse sum index IS, ,(G) of agraph G proposed by Buragohain et al. in
[4] ISI(V:M) = Zi~j (dld])y(dl + dj)#, and Y, U € R.

1. The Sum graphs of groups Zyn , Zyng, Zpgm and Zpngm

The following section will investigate the concept of Z,, Group via graph theory by
defining that by order laws. Moreover, we found the degree of the exceptional value of Z,, at
", p"q,pq™, and p™q™, where p and q are the prime numbers to power the positive
integers numbers n& m.
Definition 1.1 [19]: Let G be a finite cyclic group. The group sum graph, denoted by
G,(V,E)of G, Isagraphwith V(G,) = LGJG(x) And two distinct vertices x and y are

X
adjacent in G, denoted by (x)~(y) if and only if O(x) + O(y) > 0(G), where O(G) is the
order of the group G. (i.e.) V(G,) = LGJG(x),E(G+) = {xy| (x)~(y) ifand only if O(x) +
X
0(y) > 0(G), where x,y € G and x # y}.
Remark 1.2 [19]:
If taking as definition 1.1, O(x) + O(y) < O(G), where G is a finite group of order n.

We see that the graph is not connected because there exists at least one element a such that
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0(a) = 0(G). Therefore, 0(a) + 0(a;) > 0(G),V a; € G,1 < i <n,(i.e.) ais isolated-
vertex. Hence G is not connected.
Remark 1.3: Every finite cyclic group holds the group sum graph are connected and cyclic

graphs.
Theorem 1.4 [19]: If G, (V(an),E(an)), then

{p"‘l(p —-1) ifo) #p"

deg(u) = ;
g p"—1 ifO(u) =p"

uev(z,n)
Where p > 3 is the prime number and n > 2 is a positive integer number

Theorem 1.5 [20]: If G, (V(anq),E(anq)), then

deg(u) =

uEV(anq)

where,2<p<gqn=1nez*

{p"'l(pq—(p +q)+1 ifO(u) #p"q
p"g-1 ifoO(u) = p"q'

Theorem 1.6 [27]: If G, (V(qum), E(qum)), then
m-1 ; m
deg(u) = {q "pa-(o+ ) 1 IO #pg”
uev(zpgm) PA7-1 if 0(w) = pq
where,2 <p <q,m=1m€Z".
Theorem 1.7 [21]: If G, (V(anqm ), E(Zyngm )) then

deg(u)

uEV(anqm )

_ {p"‘lqm‘l(pq—(p +@)+1 ifo@) #prq™
g1 ifO(w) = p"g™
where, 2 < p < g,n,m = 1,n&m € Z .
2. ISI,,,,(6) Topological index of G, where G = Zyn , Zyng, Zpqm and Zpngm
Notice in this section that we will compute the IS1,, ,,(G) Topological index with

exceptional cases.

Theorem 2.1: If G, (V(an),E(an)), then ISI(yq1) =

P (p-1) (p"-1) [(p™-1) " (p™ (p-1)-1) + p™ (P -1 ) (p"-1 + P (p-1) )|
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Proof: Suppose that S = {ay, ay, ..., az}, @ = p™*(p-1),S € Zyn,a; € Z,n, where O(a;) =
p",.V1<i<a.

Since every q; It is adjacent to all vertices belonging to Z,»,V 1 < i < a, except itself.

ISl p) = [2%, d(ap)d(a)(d(ay) + d(ay))~(d(ap)d(a)(d(ay) + d(ay))] +

ld(a,)d(0)(d(ay) + d(0)) + d(ay)d(p)(d(ay) + d(p)) +|
l -+ d(apd (p(p-1)) (d(ay) + d(p™ (p-1) J

pn-1_terms
+[Xf-1 daz)d(a)(d(az) + d(ar))-(d(az)d(ar)(d(az) + d(ay)) +
(d(az)d(az)(d(az) + d(az))] +

d(a;)d(0)(d(az) + d(0)) + -+ + d(az)d (pn-l(p_1)) (d(ay) + d(pn—l(p_l)) 4ot

p"~1-terms

e d(@dd (@) (da) +d(@)- (2L, d@dd (@) (dla) +d(@))] +

d(a)d(0)(d(a) + d(0)) + -+ d(add (p™ (p-1)) (d(a) + d(p"~! (p—l))‘

pn-1—terms

éince d(a,) =d(a;) =+ =d(ay,) =d(a) =p™— 1and

d(0) = d) = - = (p™(p-1)) = p"(p-1) = @

= ISl = [(a-1)d?*(@)(2d(@)) + p™d(@)a(d(a) + a)]
+[(a-2)d?(@)(2d (@) + p™'d(@)a(d(a) + )| +

[(a-a)d?(a)(2d(a)) +‘p"‘1d(a)a(d(a) +a)]

= |d*(@2d(@ 2%, (a-) + ap™d(0)a(d(a) + )] since TL, (a — i) = 24
= ISlp = [d2(@(2d(@) 2 + gpr1d(@a(d(@ + @) .. (1)
ISI;14) = ad(a)[d*(a)(a — 1) + p"ta(d(a) + a)]
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ISl =P (p- 1) (") [(07-1)" (0" p-1)-1) + ™ (P -1 (P +

" (p-1)]

IS1a. = P11 (p-1) (7)) (0" (p-1)-1) + ™ (o7 (p-1) (20" 1)
Remark 2.2: The generalized inverse sum index IS, ,)(G.) of a graph G it was proposed
by Buragohain et al.

ISl = ey (did)" (di + )", and y, u € R.

Theorem 2.3: If G, (V(an),E(an)), then
Y+ 14
ISl =P (p-1)(p™1)" [22(p1) T (p 2 (p-1)-1) + 9 (p 2 (p-1)) (-1 4

U
P -1) |
Proof: Suppose that S = {ay, a,, ..., ag}, @ = " }(p-1),S S Zyn, a; € Zyn, where O0(a;) =
p",V1i<i<a.

Since every a; it is adjacent to all vertices belonging to Z,»,V 1 < i < a, except itself.
ISl = p™(p" 1) (p-1) [ (1) (p" (p-1)-1) + ™ (p7 (p-1) (2p™p™ 1)
So, in general, for the formula IS,y = Y-, (did;)’ (d; + ;)"

We can have IS, ) for G, (V(an), E(an)), the proof follows immediately from
eq.(1), we get

IS1gy) = l(dz(a))V(Zd(a))“ (‘X(“T_l) +ap"*(d(a) + @) (d(a) + a)“)l
ISIy ) = a(d(@)[2#71(d(@)H(a = 1) +p" (@) (d(a) + )]
ISl = p" -1 (1) [247 (om-1) ™ (1 (p-1)-1) + p" (" 0 -
DY@ -1+p"(p - 1))“]'

ISl =p" (0 — D" = D2 " - D@t p-1D -1+

P (" (p - )Y @p" —p" Tt = D]
In particular, we can find exceptional cases:
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(1) ISI4,—y is an inverse sum index equal

p™1(p-1)-1 . p"(p" (p-1))
4 (an—pn‘l—l)

p™(p-1)(p"™-1)

_P" T @-D [ n-1 pnt2p"-p" -] g
@) ISI-10) = = [(p (p-1)-1) + P (p—1) ]—P

(3) 2SIy, 4y = GA(Z,n) , where GA is a first geometric-arithmetic index

_zl -1 [( \/7 ) S '1Jv" lwl

an pn—l 1
(4) ISI(1,1) = ReZGs, where ReZGg(G) is a Redefined third Zagreb index

=" (p7-1) (p-1) [ (07-1)” (07 (p-1)-1) + p"* (7 (p-1)) (2079711
Example 2.4.
Z45=1{0,1,2,..,26}, p = 3,n = 3, 0(Zys) = 27.
(1) ISI ¢y, - 1) =3712.0909
(2) ISI(.11y) =27 =3,
(3) 21811, ;) = 312.2998.
(4) ISI(1 1= 8714160,
Theorem 2.5: If G, (V(anq), E(anq)), then
ISl 1y = Yi~j(did)(d; + d)) =
" (pg- + @) + 1)(p"¢-1) [(p74-1) " (P (pg=(p + q) + 1)-1)

+" 7 (p + ¢-1)p" " (pa-(p + @) + 1)(p™q (2p-1)-p" " (p-1)-1) .
Proof: Suppose that S = {a,,a,, ...,ag},a = p" '(pqg — (P + q) + 1),S S Zyng, a; € Zpny,
where O(a;) = p™q,V 1 < i < a Since, every q; it is adjacent to all vertices belonging to

Zpng, V1 <1 < a, except itself.

ISl 1y = [Zﬁzl d(al)d(ak)(d(al) + d(ak)) — d(al)d(al)(d(al) + d(al))]
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+|d(ay)d(0)(d(ay) +d(0)) + d(a)d(®)(d(ay) + d(p)) + -

p"-1(p+q-1)-terms

[ ]
| -+ d(ay)d(a,p"q) (d(al) + d(anp"‘lq))i
p™1(p+q-1)-terms
+[2E., d(ax)d(ar)(d(ay) + d(ay)) — d(az)d(a;)(d(ay) + d(ay)) +
d(az)d(a;)(d(ay) + d(ay))] +

[d(a;)d(0)(d(az) + d(0)) + d(a)d(p)(d(ay) + d(p)) + -

p"*~1(p+q-1)-terms

-+ d(@)d(np" ) (de) + ™ q) ) + -+ [Es d(ad(@)(dlag) +
p"-1(p+q-1)-terms

d(ay) — (¢o; d(a)d(a)(d(ay) + d(a))] +

[d(a)d(0)(d(ag) + d(0)) + d(a)d(p)(d(as) + d(®)) + -

p"-1(p+q-1)-terms

ot d(ag)d(a,p™ 1q)(d(ag) + d(a,p™ 1q))]

p"-1(p+g-1)-terms

Since d(a;) = d(ay) = - =d(a,) = d(a) =p™q-1.
d(0) = d(p) = -+ = d(ayp™'q) = p"(pg-Gp + ) +1) = .
181, = [ (@-1)d2(@)(2d(@) +p™(p + ¢-1)d(@a(d(@) + )| +

[(a—Z)dZ(a)(Zd(a)) +p"(p + ¢-1)d(a)a(d(a) + a)] + -+ [(a—a)dz(a)(Zd(a) +

" (p + ¢-1)d(@a(d(a@) + o) |

= |d*(@) (2d(@) 2%, (a-i) + ap™(p + g-1)d(@a(d(@) + @)]... (2)

since T, (a-i) = 22,

= ISl4,p = [d2(@) - (2d(@) () + ap™ (p + ¢-1)d(@a(d(@) + @)]...3)

ISI(11) = ad(a) [dz(a)(a—l) +p" Y (p + g-1)a(d(a) + a)]
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ISl = p™ (pa-(0 + @) + 1) (p"a-1) [(0"a-1) " (p™ (pa-(p + @) + 1)-1) +
™ (p + a-D)p™ (pg-(p + q-1) + 1)(p"a-1 + p™(pa-(p + q) + 1)]

ISl = P (pa=(0 + @) + 1) (p"a-1) [(p"4-1)" (0" (pa-(p + @) + 1)-1)
+p" 1 (p + ¢-Dp™ (pa-(p + @) + 1) (p™q (2p-1)-p" (p-1)-1) |

So, in general, for the formula ISI(y, 1) = X;-, (dgd))' (di + )" v € R.

We can have ISI, ;) for G, (V(anq), E(anq)). The proof follows immediately from
Eq.(3). We get

a(a-1)

2

(4

Y
ISI(y, w) = l(dz(a))y(Zd(a)) ( +ap™(p + q—1)(d(a)a)> ~(d(a) + a)*

ISIy, 1) = a(d(@) [2¢(d(@)" (a-1) p* (p + ¢-1)(@)" (d(a) + 2)¥|
11y, 1) = (p"(pg-(p + @) + 1)) (" g-1)" [2”‘1(p"q—l)””(p”‘l(pq—(p +q) +

Y u
1)-1+ " (p + ¢-1) (p" (pa-(p + q) + 1)) (p"q—l +(p" (pa-(p + ) + 1))) ]
In particular, we can find exceptional cases

(1) ISI(y_1y = where ISI(, ;yisan inverse sum index

151, 1) = (0" (pa-(0 + @) + 1)) (p"¢-1) ’i (P"(pa-(0 + @) + 1)) -1+

p"‘l(p+q—1)(10"’1(pq-(p““”“))]

(pna-1)+(p™ (pa-(p+a)+1)

(p”‘1 (pq —(p+q)+1))
(p"q-1)

(2)ISI( 4y = [(P”‘l(pq—(p +q)+ 1)—1) +

p"‘1(p+q—1)((p"q—1)+(p"‘1(pq—(p+q)+1))
™1 (pg-(p+a)+1)

(3)2IS1(1/, 1) = GA(Z,n) , where GA is a first geometric-arithmetic index
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™ (pg-(p+q)+1)-1 v"‘l(p+Q—1)Jp"-1(pq—(p+q)+1)

4 W (r"a-1)+(p™ (pa-(p+a)+1)
(4) ISI(1,1) = ReZGs, where ReZG3(G) is a Redefined third Zagreb index

(1™ (pg-t0 + ) + 1)) @"¢-D) [@" D (1" (pa-tp + @) + 1)-1) +p"(p +
¢-1) (p"(pg-(v + @) + 1)) (p”q—l +(p™ (pa-(p + ) + 1)))]-

Example 2.6. Zys5 = {0,1,2, ..., 134}, p = 3,q = 5,n = 3,0(Zy35) = 135.

(1) ISIy ) = 383695.32.
(2) ISI(—I,l) = 135

=2|p™(pg-(p + @) + 1) [p"q-1

(3)21S1(1/, 1) = GA(Zpng) = 4343.43.

(4) ISI(y,1) = ReZGs= 12425215392

Theorem 2.7: If G, (V(qum), E(qum)), then ISl 1) = Y- (did;)(d; + d;)
2

= q"(pa-(p + @) + )(pa™1) | (pa™-1) (™ (pa-(p + ) + 1)-1) +

¢ (p +a-1) - (" (pa-(p + @) + 1)(pg™-1 + ™ (pa-p + @) + 1)|.

Proof: Suppose that S = {ay, a,, ..., ag}, @ = q™(pg-(p + q) + 1)

S € Zygm,a; € Zygm, Where 0(a;) =pq™V1<i<a

Since every a; It is adjacent to all vertices belonging to Z,,;m, V1 < i < a, except itself.

ISI(11

= [Z d(ay)d(a)(d(ag) + d(ak))—(d(al)d(ad)(d(al)d(al))]
k=1

[ ]

+ |d(a1)d(0)(d(a1) +d(0)) + -+ d(a1)d(a2mpqm_1) (d(al) + d(azmpqm‘l)) |

l q™1(p+q-1)-terms J
+[Zg=1 d(az)d(ak)(d(az) + d(k))—(d(az)d(a1)(d(a2) +d(ay) + d(az)d(az)(d(az) +

d(az))] +
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r ]
|d(a;)d(0)(d(ay) + d(0)) + d(a)d(p)(d(az) + d(p)) |
|
|

+oet d(az)d(ampqm‘l) (d(az) + d(ampqm‘l)) I

l q™-1(p+q-1)-terms
+o 4 [28 da@)d(a)(d(ar) + d(a))~(Z8-1(d(a)d(a)) (d(ag) + d(a))]
[
'[d(aa)d(oxd(aa) +d(0)) + -+ + da)d(azmpa™) (d(ag) + d(azmpa™))

q™1(p+q-1)-terms

S ——

Since d(a;) = d(ay) = - = d(a,) = d(a) = pq™-1, and
d(0) = d() = - = d(@mpq™") = " (pg-G + ) + 1) =

ISl = [(a=1)d?(@)(2d(a)) + Bd(@)a(d(a) + a)] +
[(a=2)d?(a)(2d(a)) + Bd()a(d(a) + a)] +

[(a-c0d?(@)(2d(@)) + fd(@)x(d(@) + )]
where 8 = q™ ' (p + ¢-1)
= d*(0)(2d() 3%, (a-i) + apd(@)a(d(@) + @) Since 1%, (a-i) = <2
= ISl = |d* (@) 2d(@) (“E2) + apd(@a(d(@) + @) |-+ (5)
= ISl 1y = ad(a)[d?(a)(a-1) + fa(d(a) + a)]
= ™ (pg- + @) + 1) (pa™-1) [(pg™-1) (47 (pg- + @) + 1)-1) +
g™ (p +-1) - (" (pg (0 + @) + 1) (pa™1 + 4" (pg-v + @) + 1)
So, in general, for the formula  IS1(, ) = %;~;(did;)" (d; + ;)"
We can have 51y, for G, (V(Zpgm), E(Zpqm))- The proof follows immediately from

Eq(5), we get

ISTey,uy = l(dz(a))V(Zd( ))”( (2 D ap(d(a)(@))"(d(a) +a)”l

ISl = a(d(@) |24 (d(@)*#(a-1) + B(a)? (d(a) + a)*]
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ISl = 4" (pa-00 + @) + 1)(pg™-1)" - |28 (g™ -1 (" (pg-(p + q) +

q
14 u
1)-1) + B(¢™ (g~ + @) + 1) (pa™1+ ¢ (g-(p + ) + 1)) |
where g = q™(p + ¢-1),y&u € R.
In particular, we can find exceptional cases:

(1) ISI(y_;) = where ISI(;,_y) is an inverse sum index

ISl 1) = (qm'1 (pa-(p + @) + 1)) (pg™-1) -

(4™ q-p+a)+1)-1) + a1 (+q-1)(a" (pa-(p+a)+1))
4 (pam-1+a™-1 (pa-(p+a)+1)

m1(pg-(p+q)+1
(IS _yq) =1 (;’;’ LRt . [(qm pg-(p +q) + 1)-1) +

qm‘l(p+q—1)<pqm -1+q™ 1 (pq—(p+q)+1))

(qm ‘1(pq—(p+q)+1)>

]= pq™

(3) 21S1(1/, 1) = GA(Z,~) , where GA is a first geometric-arithmetic index

m-1(pg-(p+q)+1) q™ t(p+g-1) [q™ 1 (pg-(p+q)+1)
=2[q™ " (pg- (p+q)+1)1/pq -1 l )1,

4 pq m_q (pam-1+a™-1(pa-(p+a)+1))

(4) I1S1(4,1) = ReZGs, where ReZG3(G) is a Redefined third Zagreb index
= (4™ (pa-(p + @) + 1)) g™ | 0™ (¢ (pa-(p + @) + 1)-1) + g™ (p +

¢-1) (¢ (pa-tp + ) + 1)) (pqm—l + (4 (pg-t0 + ) + 1)))] :
Example 2.8.

Z,:=10,1,2,..,374},p=3,g = 5m =3, 0(Z ,.:) = 375.

(1) ISI(y,_1) = 82822748,

2) ISI(_Ll) = pq™ = 375.

(3) 2SIy, 1) = GA(Z,pqm) = 53253.1569.

(4) ISI(1 1) = ReZG3 =3584814235200.
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Theorem 2.9: If G, (V(anqm), E(anqm)), then

2
ISI1) = Biey (i) (d; + d)) = "™ (pg-(p + @) + 1) (p"q™1) | (p"q™-1)"
(P"q" (g (0 + @) + 1)-1) + p™ g™ (p + ¢-1) - p" g™ (pa-(p + ) +

1)(p"q"™1 +p" 1" (g~ + @) + D)),
where 2 < p < g, and n, m are positive integers numbers, n,m > 1.

Proof: The proof follows immediately from Theorem 4.5 and 4.7. We have the result.

Theorem 2.10: The general inverse sum index IS¢, 1y(G) of G, (V(anqm),E(anqm)),
defined as ISI(),’H) = Zi~j (dldj)y(dl + dj)'u:
ISl = P q™ (pg - + @) + 1) (p"q™-1)" - |22 @ g™-1) *#(p 4" (pa-(p +

Q) + 1)—1) +8 (p”‘lqm‘l(pq—(p +q)+ 1))y(p"q’”—1 +p™ g™ (pg-(p + @) + 1))#]

where g = p™1g™(p + g-1), 2 < p < q, and n, m are positive integers numbers, n, m >
1,7, ER

Proof: The proof follows immediately from Theorem 4.5 and 4.7. we have the result.

Conclusions

In the study, we will compute the ISI(, ,(G) Topological index with exceptional cases of
graphs of groups Z,n , Z,ng, Zpgm and Z,ngm, and some particular exceptional cases

indices of a group Zn , Zyng, Zpgm and Zpngm .
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