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Abstract

This paper is concerned with the study of the constraints quaternary continuous classical
optimal control vector problem (CQCCOCVP) with equality and inequality constraint
controlled by quaternary nonlinear elliptic partial differential equations (QNLEPDEQs).The
existence theorem of a CQCCOCV of the constrained problem is stated and proved under
suitable hypotheses. The mathematical formulation of the adjoint quaternary equations
(AQEqs) associated with the QNLEPDEGQs is derived, the Fréchet derivative for the objective
function and the EINC are derived. Finally, the necessary condition theorem and the sufficient
condition theorem for the optimality are stated and proved.
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Introduction

Optimal control problems (OCPs) have been involved in many applications in practical life,
such as medicine [1], economics [2], robotics [3], Aircraft [4], and other applied fields. Usually,
many researchers have given extensive attention to the study of the OCPs in general, and to the
study of optimal classical continuous control problems (OCCCPs) in particular. Furthermore,
in the past decade, great attention has been given to the study of OCCCPs governed by three
kinds elliptic[5], hyperbolic[6], and parabolic[7].

Later the study of this subject was expanded to deal with OCCCPs for systems controlled by a
couple of NLPDES of the three kinds above[8], and then for systems controlled by a triple of
NLPDES of these three kinds[9].

All these surveys stimulate us to research the CQCCOCV with EINC controlled by
QNLEPDEGgs. In this work, the existence theorem of a CQCCOCYV of the considered problem
is stated and proved under suitable HYPOTHESES. The mathematical formulation of the
AQEqs associated with QNLEPDEQgs is derived, and the Fréchet derivative (FD) for the
objective function and the equality and inequality constraint (EINC) are derived. Finally, the
necessary condition theorem (NCTH) and the sufficient condition theorem (SCTH) for the
optimality are stated and proved.
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Description of the Problem

Let & c R?be a bounded and open connected subset with Lipschitz boundary 6Q.
Consider the CQCCOCVP which consists of the QNLEPDEQs
—Ay1 +y1+ Y2 +y3 —Ya+ bi(x,y1,uy) = di(x,uy) in Q (1)
—Ay, —y1+ Y2 + Y3 — Yo+ by(x,¥5,uz) = da(x,up) in Q (2)
—Ay; —y1 — Y2 + Y3 — Ya + b3(x,¥3,u3) = d3(x,u3) inQ (3)
=AYy, + Y1+ Y2+ Y3+ Vs + ba(x, ya,us) = dy(x,uy) inQ 4)
with the Dirchlet boundary condition

=0, r=1,234 on 00 (5)
where Ay, = 2 - (Ayg 2E), (r = 1,234) , Ay = Ayi(x) € LX(Q), ik =12,x =

(x1,%2), Y = (¥1,V2, V3, Va) € (Hg(ﬂ))4 is the quaternary state solution (QSS) of the (1)-

(5), U = (uy, Uy, Uz, uy) € (LZ(Q))4 is the CQCCCV, the function b;(x,y;, u;) is defined
on QxR XxU; (Vi=1,2,3,4) respectively (resp.) the function d;(x,u;) is defined on Q x
U, (Vi=1,234) resp.withU; c R (Vi = 1,2,3,4).

The control constraints (CQ) are

U=U; xU, xU;xU, isaconvex set.

V= {ﬁ € (LZ(Q))4 c U= (uy, Uy Us,uy) EUacein Q}

The objective functions and the equality and inequality constraints are defined as:

Jo@) = Xizq Jooi(x, v u)dx
L@ =Xk, fﬂjli(x’ yiu)dx =0
@) = ¥, fQjZi(x’ yiu)dx <0
The set of the admissible quaternary controls is

Uy={eV: ;@) =0, J,(@) <0}
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The CQCCOCP is to minimize the objective function J,(u) subject to the EINC J, (1) =0
and J,(®) <0 s.t.: Jo(w) = inf]o(ff)

el
Consider W = W, x W, X Wy x W, = HE(Q) x HE(Q) x HE(Q) x HL(Q)
= {W,W = (Wy, Wy, W3, W,) € (H&(Q))4with w; =0 Vi=1234 on GQ}
The weak form (WF) of the QNLEPDEQs
The WF of problem ((1)-(5)) is
(Vyy, Vwy) + vy, wy) + 2, wy) + (3, wi) — (Va, wi) + (b1 (g, ug), wy) =
di((w),wy) VYw, €Wy (6)

(Vy2, VW) — (¥, w2) + (Y2, w2) + (¥3, W2) — (Va, W) + (b2 (Y2, Uuz), wp) =
dz((uz)»Wz) vw, € W, (7)

(Vys, Vws) — (v, w3) — (2, w3) + (Y3, w3) — (Vs w3) + (b3 (¥3,u3), wi) =

d3((u3),w3) Vws € W3 (8)
(Vya, Vwy) + (v, wa) + (V2o Wa) + (Y3, Wa) + (Y4, wa) + (ba(Va, us), wy) =
d4((u4),w4) Vw, € W, )

By blending to gather the equations ((6)-(9)), once get

By, 1) + (by(y1,u1), wy) + (by(y2,uz), wy) + (b3(¥3,u3), w3) + (bs(Vs, Ug), Wy) =

(dy(uy),wy) + (da(uz), wy) + (d3(uz), ws) + (dg(uy), wy) (10)
Hypotheses A:
a) B(y,w) iscoercive,i.e. 3€ >0 s.t. % >elyll, >0 ,yeW

1

b) B($,w) is continuous i.e. 3¢ >0 st|BGH, W) <ellFll, Wy, ¥y weW

c) The functions b;(x, y;,u;) are of Carathéodory type (C-T)on QX R x U;, Vi =1,2,3,4
and satisfy the following conditions: |b;(x, y;, u;)| < 9;(x) + ¢;ly;| + ¢ lw;|, V(x, yi, w;) €
Q X R x U; with 9; € L2(Q), ¢;¢; = 0,Vi = 1,2,3,4

d) b;(x,y;,u;) Vi =1,2,3,4 are monotone w.r.t y; foreach x € Q, u; € U; Vi = 1,2,3,4

e) bij(x,0,u;) =0, x€ Qandu; €U; Vi=1234%
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f) The function d;(x,u;) isof C-T onQ X U; Vi = 1,2,3,4 and satisfy Vi = 1,2,3,4
1di (e u)| < 9 () + cipalugl, V() € QX Uy, with 9144 € L*(Q),¢i44 2 0.
Theorem 1[10]: In addition to the hypotheses. (A), if b, is strictly monotone. Then for fixed
QCCCP % € U, the WF of (10) has a unique QSVS ¥ € W.

Lemma 1[10]: In addition to the hypotheses. (A), if the functions. b;and d; (Vi = 1,2,3,4)
are Lipchitz w.r.t. u; resp., then the operator u — y; from V to (LZ(Q))4 is Lipchitz
continuous, i.e. [|8y||, < L|[8ul| . for L > 0.
Hypotheses B: Suppose that j,; (for £ =0,1,2 and i = 1,2,3,4) are of C-T on Q X R X U;
satisfy the following condition w.r.t. (y;,w;) , i.e.

e (6, i, u) | < 995 (x) + cpiyf + Couif
where (y;,u;) € RX U;, with 9, € L1(Q) and ¢y, ¢y = 0.
Lemma 2[10]: With hypotheses (B), the functional u — J,;(u) , V £ = 0,1,2, defines on

(12(0))" is continuous.
Results

Existence of a CQCCOCV
Theorem 1: In addition to hypo (A & B), suppose that Uis compact and Uy = @ , where b;
(vi=1,2,3,4) is independent of u; (Vi =1,2,3,4) resp., and d; (Vi = 1,2,3,4) is linear
w.rt u; (Vi =1,2,3,4) resp. i.e. b;(x,y;,u;) = bi(x,y;), d;(x,u;) =d;(x)u;, s.t

by (x, y)| < 9;(x) + Cily;| & |d;(x)| < n; where 9; € L}(Q), n; € L?(Q), and &; = 0

j1i isindependent . of u; and j,; for (¥ =0,2 and i = 1,2,3,4) are con. w.r.t. u; for fixed
(x,y;), then there exists a CQCCOCV.

Proof: The functions J,(i)is continuous on(L? (Q))4, for each? = 0,1,2 (by lemma 2.2).
Now, since j;; is independent of u; and since y;, = y; ST in L2(Q), (Vi = 1,2,3,4), (from
the proof of theorem 2.1), then
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J1(dy) = fﬂjll(x' Yin)dx + fnhz(x» Yan)dx + f9j13(x: Yan)dx + fﬂj14(xl Yan)dx —
Jod11Goyddx + [ 1o (x, y)dx + [ ji3 G y)dx + [ jra(x y)dx = J; (@)
ie. (W)= ,lij{}o]l (), but J; (1,,) = 0 vn hence J; (1) =0

Now, to prove J,(u), (V€ =10,2) is weakly lower semicontinuous (W.L.Sc.) w.r.t.
(yi,u;) Vi=1,2,34
Since jyi (x, yi,u;), (€ = 0,2) and (Vi = 1,2,3,4) is continuous w.r.t. (y;, u;), in this case we
have u;, € U,vi=1234inQ ,and Uis compact. , hence J,() is satisfied the hypotheses
of lemma (3)[8], to get that
JoJei G Yins winddx > [ joi(x, yi, win) dx (11)
Since j,;i (x, y;, u;) , (V€ = 0,2) is continuous and convex w.r.t. u;, then
JojeiGe, yi u)dx is W.L.Sc. wrt. u;, e,
Joei G,y u)dx < lim JoJei (e, yi, win)dx

= lim JoGei G, yi, win)dx — joi (o, Yim, win) ) dx

+ lim Jojei (%, Yin, tin)dx

= lim JoJei (6, Yin, win) dx
Thus J,(@) is W.L.Sc w.rt. (3,1),then J,(d) < Ai_r)gojz(iin) =0
On the other hand; we have that

Jo@) < rlli—{lc}o]()(ﬂ”) = rlli_r){}ofo(ﬁn) = _l:n_]f]o(ﬁ)
uely

= u isa CQCCOCV.

The NCTh and The SCTH for Optimality

The following hypotheses are useful to study the NCTH and the SCTH .
Hypotheses C:

a) The funs. by, by, Vi = 1,2,3,4 is of the C-T on Q X R X R and satisfy:

iyy

|bl-yi(x,yl-,ul-)| < ki , |biui(x,yi,ui)| < Di where x € Q and ki'pi >0,vli=1,23,4

Volume: 2, Issue: 3, July 2024 6 P-1SSN: 2958-4612
Manuscript Code: 746C E-ISSN: 2959-5568



Academic Science Journal

b) The function d;,,, , is of the C-T on Q X R and satisfy
|diw,(x,u)| < q; where x€Q andgq; >0 ,vi=12734
d) The funs.j{;iy_,j{;iu_ for £ =0,1,2 and i = 1,2,3,4 is of the C-T on Q x R? and satisfy

< g, + 80, lyil + dp, sl

|J'£l-yi| < g, + g lyil + dg,lu;| and |J'el-ul.

Where Cgi,égi,dgi, dAgi >0, ngi,ﬁgi € L? (.Q)
Theorem 1: With hypotheses (A, B &C), the Hamiltonian(Ham.) is defined by:

H(x,y,Z,1%) = %1 (zi(diGe,w) — by, v, wi)) + joi (x, vi, wi)).
The AQEQs in Q (z; = zy,,), Vi = 1,2,3,4 of the QNLEPDEgs((1)- (5)) are:

—Azy+2y— 2, — 23+ 24 + Z1b1y1 (X, y1,uy) = Joiy, (%, y1,U1), (12) —Az, +
Zy + 2y — 23 + Zy4 + Zabyy, (X, V2, Uz) = Jozy, (X, V2, Uz) (13)

—Azz + 21 + 2y + 23 + 24 + Z3b3y,, (X, Y3, U3) = Jozy, (X, V3, U3) , (14)

—Azy—zy — 2y — 73+ 24 + Z4b4y4 (X, YarUg) = Joay, (X, Yar Usg) (15)
Zy=2,=23=2,=0 ondQ (16)

Then the FD of J, is given by ]40(17)511 = fQ H};.@ dx Where
/Hu1 x,y,Z ﬂ)\ Zl(b1u1 - d1u1) +j01u1\

H- = Huz(xr 3_}: E,l_i _ ZZ(quz - dZuz) +j02u2
¢ kHu3(x’ 5}’ E’ ﬁ)) kZB(b3u3 - d3u3) +j03u3)
Hu4 (X, Y,z u) Z4(b4-u4 - d4u4) +j04u4
Proof :- The WF of the QAEQs ((12)-(15)) is

(Vzy, Vwy) + (21, wy) — (22, wq) — (23, W) + (24, Wy) + (Zlb1y1 ()’1,u1)'W1) =

(j01y1(}’1’u1)’W1) Vw; € W, (17)

(Vzy, Vwy) + (21, W) + (22, W) — (23, W) + (24, W) + (ZzbeZ (}’z,uz)'Wz) =

(j02y2 (YZ’UZ):WZ) Vw, € W, (18)

(Vz3,Vws) + (21, ws3) + (23, w3) + (23, w3) + (24, w3) + (Z3b3y3 (yg,u3),w3) =

(j03y3 (y3,u3),w3) Vws € W3 (19)
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(Vzy, Ywy) — (21, Wy) — (22, Wy) — (23, Wy) + (24, Wy) + (Z4b4y4(Y4: u4),w4) =
(]'04314 (Vo u4),w4) vw, e W, (20)
blending together ((17)-(20)), then substituting w = 6—3; once has
(Vzy,V8y1) + (21, 6y1) — (22,6y1) — (23,8y1) + (24, 8y1) + (VZ,,VEy,) + (21, 6y,) +
(22, 6Y,) — (23,6Y2) + (24, 6y7) + (V23,VEy3) + (21,6y3) + (22, 6y3) + (23,6y3) +
(24, 6y3) + (V24,V8y,) — (21, 8Y4) — (22, 8y4) — (23, 6y4) + (24, 6ys) +
(Z1b1y1(3’1;u1)» 5}’1) + (ZZbe2 (J’Z:uz),(sh) + (Zsb3y3 (3, u3), 53’3) +
(Z4b4y4 (Var Us), 5)’4) = (j01y1 1, up), 53’1) + (]'02y2 (72, uz), 53’2)
+(j03y3 (73, u3), 5)’3) + (j04y4 (Var Us), 6Y4) (21)

Substituting y, y + @ in the WF ((6)-(9)), then subtracting each equation from its
corresponding one with setting w; = z; Vi = 1,2,3,4 to get, then blending the obtain
equation:

(V6y1,Vz1) + (6y1,21) — (8Y2,21) — (8Y3,21) + (8Y4, 21) + (VEYy,,Vz,) + (6y1,22) +
(6Y2,22) — (8y3,22) + (Y4, 22) + (V8Y3,Vz3) + (8Y1,23) + (6Y2,23) + (8y3,23) +
(6Y4r23) + (VEy4,V24) — (8Y1,24) — (6Y2,24) — (8Y3,24) + (6Ya, 24) + (b1 (y1 + 81, uy +
6uy) — by(y1,u1), z1) + (b (y2 + 8y2,up + Suy) — by (2, uz), 22) + (b3(y3 + 6y3,us +
Suz) — b3(¥3,u3),23) + (b4 (Vs + 6ya Uy + SUs) — ba(Vs, Us), Z4)

= (dy(ug + 6uy) — di(uy), z1) + (dy(uy + Suy) — dy(uy), z3) + (d3(uz + dug) —

d3(uz), z3) + (da(uy + Suy) — dy(uy), z4) (22)

From hypotheses (A-a&f) on b;, d; (Vi = 1,2,3,4) and by proposition (2) [11], we get that
the FD of b;, d; exists, i.e.

fg(bi('x’ Vi + 6y, u; + 6u;) — bi(x, yi,ui))zl-dx =
(biy,8yi + b, 6w, 2;) + 51(512)”512”0 , Vi=1234

And fﬂ(di(x, u; + 6ui) - di(x, ui))zidx = (dl-ul.Sui,zi) + §l+4(ﬁ)|la{”0

By substituting in (22), to obtain
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(V8y1,Vzy) + (6y1,21) — (6Y2,21) — (83, 21) + (84, 21) + (VOY2,VZy) + (6y1,25) +
(8Y2,25) — (8y3,25) + (84, 22) + (VOy3,Vz3) + (84, 23) + (6Y2,23) + (6y3,23) +
(6Y4,23) + (V8Y4, VZy) — (8y1,24) — (6Y2,24) — (0Y3,24) + (8Y4, 24) + (b1y15)’1 +
b1u16u1,21) + (bzyZ(Syz + b2u26u2,zz) + (b3y36y3 + b3u36u3,z3) + +(b4y46y4 +
oy Stk 72) + £(50) ||, =

(diu,6us, 1) + (dou,0uz 2) + (du, Stz 25) + (daw, Ous, 24) + & (Su)||0u] | (23)
Where &(8u) = X, &(8w), &(6u) = Bk, &41(5u)

Subtracting (21) from (23) to get

Yie1Uoiy i u), 8yi) + B (bia, O 2;) = Xty (dia, Oy, 2;) + 510(51:)”51:”0 Vi =
1,2,3,4 (24)

Where &;,(6u) = &(6u) — &(u)

From hypotheses C, and lemma (2.1), we have
Jo(u + E) —Jo@) =X, fg(jol'yi()’i;ui)5)’i + Jor, (Vi u)6u; )dx

+e (Bu) 3], (25)
Wherez;o(6u) = %f; £45(5u) > 0 and [|Sul|, >0 as Su—0 vi=1234
From (24) & (25), once obtain

Jo(@ +8w) = Jo@) = iy Jyilbiy, = din,) + jou) Suidx + E(u) | 5ull,  (26)

Where 5(@) = 510(@)) + 8”11(@)) — 0 aséu— 0
But from the FD of J,, we have that

Jo(i + 8u) — Jo ) = JoGhdu + &(6u)||5ul, (27)
Finally; from (26) and (27) once get

Jo(@)ou = J HE - udx , where
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Hy, (x,y,Z,1) zZ (bm;L - dlul) + jo1u,
H = Hy, (x, }j. Z:» il:) _ Z2 (qu2 - d2u2) + Jozu,

H,, (x,y,2,1) Z3 (b3u3 - d3u3) +j03u3/

H,, (x,y,2,4) Z4(b4u4 - d4u4) + joau,

Theorem 2: The NCTh for Optimality

(a) With hypotheses (A, B & C) and with U convex if u € I7A is CQCCOCV, then there exist
multipliers 1, € R, £ =0,1,2 with 15,1, = 0,Y%_,|1,] = 1, such that the following Kuhn-
Tucker-Lagrange conditions (K.T.L.C) are satisfied:

J HE -Sudx >0, Vi€V, fu=9—1 (28a)
Where j; = Y3_, Agjpi and z; = ¥5_, 2,24 , Vi = 1,2,3,4 in the definition of H, and also
A2J,(@) =0, (28b)
(b) (28a) is equivalent to the Minimum Principle form
HI-i=minH] -Ve.aonQ (29)
ueu

Proof: (a) From the hypotheses (A, B & C), and from Lemma (2.2) get that the function J, (i)
is continuous and is p- local continuous at each i € V v = 0,1,2 and for each p . Also from
the hypotheses (A , B & C) and Theorem (2.2), the funl. /(&) (V¢ = 0,1,2) has a continuous
FD ateach i € V , hence J, (%) is p - differentiable at each % € V, for each p .

Since i € U, isa CQCCOCV, then we can apply, the K.T.L.C with 1, € R, V¢ =0,1,2,
Aosdz =0, Y3 012l =1 sit.

oJou @) + Auf1a (@) + Aafog@) - (3 —1) =0 VE €V (30 )
and
A2J,(@) = 0 (30 b)

By using Theorem (4.1), setting du; = v; —u;, Vi = 1,2,3,4 and substituting the FD of J,,
for (£ =0,1,2) in (34 a) to obtain
i1 [ozio + Mi2i1 + A322) (i, — bia;) + (Aojiiow; + Adinu; + Azfizu,)Ouidx

=Y fQ(Zi(diui — biy,) + jiu,) Suidx =0 VI € Vv
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where Zi = Z%=0 lfzi{’ , jiui = Z%=O’1{’ji{’ui ’ (Vi = 1'2'3'4)

—

ﬁfQHg'gl_ldXZO, VBEV, Su=93-1

(b) Let pisa Lebesgue measure on Q, {i,} be a dense sequence in V and let SCQ bea
measurable set s.t.

U,(x) ifx€eS
u(x) ifxegs

Hence (28a), become

) ={

JoHz - (i — 1) = 0 for each such set S
From Egorov’s theorem [11] once has
HY (4, —1d) >0 a.e onQ
i.e.itholdsinaset ¢, = Q—Q, with u(Q,) =0
> Hy(x,y,Zu) - (U, —u) =0, inp = Q(pn
And this hold for each n, since ¢ is independent of n, and we have
u(Q/@) = u (gcon) =0
But {ii,} is dense in U , then
HY-(d,—ud)=0ing, (i.e. a.e onQ)
= Hl-i=min H, ¥ a.e onQ

ueu
The converse is easy.

Theorem 3: In addition to hypotheses (A, B & C), U is convex b; isaffine w.r.t. (y;, u;) resp.
d; are affine w.rt. u; Vi =1,2,3,4 resp. for each x. J;; is affine w.r.t. (y;,w;) and J,; (£ =
0,1,2,i =1,2,3,4) isconvex w.r.t. (y;,u;) foreach x , then the NCTh in Theorem (4.2), with

Ao > 0 are also sufficient.

Proof: From the proof of Theorem (4.2), once obtain that
J Ha(x,3,2,4) - Sudx 20, V5 €V, and A/,(@) = 0
Now, suppose i € Uy, and let J(ii) = Y.3_,1,J,(i0), then for £ = 0,1,2, and i = 1,2,3,4

J@6u = $2-, 1,],(@) 50
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= Yio2ie1 )y Ae(zip(dy; = by,) + Jipu;)Susdx
= [ Hy(x,5,2,0) - Sudx >0
From the hypotheses on b;, d; , Vi = 1,2,3,4,
bi(x,yi, ui) = biy (X)y; + bip(x)u; + bz (x),
di(c,uy) = dig (0w + dip(x)

Let# & & betwo CQCCC, then j = ¥ and ¥ = y5, are their corresponding QSS by
theorem (2.1) , i.e.

—Ay; +y1 = Y2 = ¥3 + Ya + b1 (X)y;1 + bia()uy + biz(x) = dy1(Duy +dyp(x)  (31a)
—Ay; +y1 + Y2 = Y3+ Ya + bay1 ()2 + b (XU + baz(x) = day (Xu; + daz(x)

(31b)

—Ays +y1 +¥2 + Y3+ Y4 + b3 (x)y3 + b3z (x)uz + by (x) = d31(X)us + dzz(x)  (3lc)
=AYy —y1 = Y2 — Y3+ Ya + bar (X)Ya + baa (X)uy + baz(x) = dyy (X)uy + dyp(x)  (31d)
vy, =0 indQ Vi=1234 (31le)

And

=AYy + Y1 — V2 = Y3+ Ya + b11(0)F1 + b12(0)Uy + by3(x) = dyy (0)Uy + dyp(x)

(32a)

=AYy, +¥1 + V2 — V3 + Vo + ba1 ()2 + baa (X)U; + by (x) = day (XU, + daz(x) (32b)
—Ay3 + Y1+ V2 + 3 + Vo + b31 ()3 + baa (X)Us + b33 (x) = d3q (x)Usz + d35(x)

(32¢)

=AYy — V1 — V2 — Y3+ Va + bar (Vs + baz (X) Uy + baz(x) = day (x)Uy + dyp (%)

(32d)

y; =0, indQ Vi=1234 (32e)

By multiplying (31) by , @ € [0,1] and (32) by (1 — «) , then blending together the obtained
equations from each sum of ((31 a)&(32 a)),( (31 b)&(32 b)),((31 ¢)&(32 ¢)),((31 d)&(32
d)),((31 )&(32 e)) once has
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—V(ay; + (1 —)yy) + (ay: + 1 —a)yy) — (ay, + (1 — a)y,) — (ayz + (1 - a)ys) +
(ays + (1 = @)7s) + by () ((ays + (1 = @)¥,)) + b () (auy + (1 — a)iy) + by3(x) =
di1(x)(auy + (1 — a)uty) + dyp(x) (33a

ay; +(1—a)y; =0 (33b)

—V(ay, + 1 - a)y2) + (ay; + (1 —)y1) + (ay; + (1 — )y2) — (ays + (1 —a)ys) +
(ay, + (1 — a)y,) + b21(x)((ay2 +(1- a)f’z)) + byp (x)(auy + (1 — a)ity) + byz(x) =
dyy (x)(auy + (1 — a)iiy) + dyy(x) (34a)

ay, +(1—a)y, =0 (34b)

—V(ays + (1 — a)ys) + (ay; + (1 — a)yy) + (ay, + (1 — a)y2) + (ays + (1 — a)ys) +
(ays + (1 —a)y,) + b31(x)((ay3 +(1- a)}_’3)) + b3y (x)(auz + (1 — a)iiz) + bzz(x) =
dsz1 (%) (aus + (1 — a)uz) + dsz(x) (353)

ay; + (1 —a)y; =0 (35b)

—V(ay, + (1 — a)ys) — (ay; + (1 — a)y1) — (ay; + (1 — @)y2) — (ays + (1 — a)ys) +
(ays + (1 = @)Fa) + bar () ((@ys + (1 = @)F0)) + baz (x) (atiy + (1 = @)iy) + byz(x) =
daa (%) (auy + (1 — @)iiy) + dya(x) (36a)

ay, +(1—a)y, =0 (36b)

Now, if we have the CQCCV 7= (U, Uy, U, Uy) Withw; = au; + (1 — a)u;, Vi=
1,2,3,4
Then from (33) - (36), once get that

Vi = yiﬁi = yi(aui+(1—a)ﬁi) = ayiui + (1 - a)}_]l'l_ti Vi= 1’2’3’4

Avre either corresponding QSS, i.e.

—Ay1 + Y1 — Y2 = V3 + Yo+ b11 (Y1 + b1, (U + biz(x) = dy1 (U +dip(x)  (373)
=AY, + Y1+ Y2 — V3 + Vo + ba1(0)Y2 + by (XU + bas(x) = da1 (XU + daa(x)  (37D)
—Ay3 + Y1+ V2 + Y3 + Vo + b31(0)Y3 + baa (X)Us + bs3(x) = d3q (x)Us + d32(x)

(37¢)

=AYy — V1= V2 = V3 + Va + ba1 (X)¥s + baa (X)Uy + baz(x) = dyg (x)Uy + dyp(x) (37d)

yi=0 indQ Vi=1234 (37e).
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i.e. the operator u — yy; is convex- linear w.r.t. (y,u), for each x € Q.

Now, since j;;(x,y;, u;) is affine w.r.t. (y;,u;), for each € Q , then J; (&) is convex linear
w.rt. (y,u) . Also, since j,; ,Vx€Q,(#=0,1,2 ,i=1,2,34),isconvex w.r.t. (y;u;),
i.e..J; (1) isconvex w.rt. (y,u).

Since the FD of J,(1), (£ =0,1,2), exists for each u € V, and it is continuous, and since V

is convex, thus J (%) is convex w.r.t. (%) , in the convex V , and it has a continuous FD, and

satisfy f (@)ou=0.

Then, /(1) has a minimum at u , i.e.

J@) <]@), VeV >

AoJo@) + A4J1 () + A,), (W) < AoJo(¥) + A1 (V) + 22> (D) (38)

Now, let ¥ be an admissible control, since 1 is also admissible, by substituting these facts in
(38), once get that

AoJo@) + AoJo (@) < AoJo(B) + A2)5 (D) < AoJo(P) VD €U

since /,(¥) < 0,with A, >0,

AoJ,(@) = 0, then AJo(%) < AoJo(B) , VB € U = J,(&) < Jo(B) , VB EV

i.e. U is CQCCOCV.

Conclusions

The CQCCOCVP with EINC controlled by QNLEPDEQgs is considered in this paper. The
existence theorem of a CQCCOCV with EINC of the problem is stated and proved under

suitable hypotheses. The mathematical formulation of the AQEQs associated with the
QNLEPDEQgs is formulated, and the FD for the objective function and the EINC are derived.
Finally; The NCTH and the SCTH for the optimality are stated and proved.
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