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This paper considers the steepest descent algorithm (SD) and the conjugate
gradient algorithm (CG) with a new parameter Bk to minimize nonlinear
unconstrained problems. We improve a new parameter 3, for the conjugate
gradient algorithm (CG). This new ﬁ’k makes the conjugate gradient

algorithm (CG) more efficient. Algorithms are submitted and run in the
MATLAB program for several examples of minimization problems. The

nonlinear functions for unconstrained minimization problems that were used

Keywords: in this paper have not been studied in previous publications. The

L implementation of the MATLAB program shows that the conjugate gradient
Optimization, algorithm (CG) with new f3, It is more effective than the steepest descent
Nonlinear, algorithm (SD) while the run time for the steepest descent algorithm (SD) is
Minimization,

less than that of the conjugate gradient algorithm (CG). The contribution of
this paper will be important to solving more complicated unconstrained
nonlinear problems for more variables.
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1. INTRODUCTION

Optimization denotes discovering of the optimal solution among many feasible solutions. Feasible
solutions are those that satisfy all the constraints from the optimization problem [1]. Optimization problems
draw on fundamental tools from decision theory and physical systems analysis. The process of determining the
optimal solution to a problem in a particular sense and under certain circumstances is known as optimization
[2]. Algorithms for minimizing continuously differentiable functions have been researched by researchers [3]—
[7]. Following the development of computers in the 1980s, numerous complex issues were resolved. Today's
optimization challenges are multidisciplinary and multi-objective in nature [1],[8]. Due to its ease of use and
success in humerous implementations, the steepest descent method (SD) has drawn a lot of attention [9]-[11].
Fletcher developed a method for quadratic and nonquadratic goal functions that makes significant performance
gains by utilizing the accessibility of more "long" storage vectors [12]. Hamoda M.A. et al. in [13] focus on a
novel nonlinear CG technique for solving large-scale unconstrained minimization problems. Guo J.&et .al. In
[14] provide a novel three-term CG approach to effectively solve unconstrained minimization issues. Because
scientific computing and massive data mining frequently result in unconstrained optimization problems [15]-
[18], Creating effective numerical algorithms to address these issues is beneficial. When compared to other
comparable algorithms, it appears that no method of the literature is for a dominant situation when it comes for
solving most unconstrained minimization issues [19]- [24]. Salih D. T. M.&et .al. in [25] introduce a
comparison between the SD and the CG for minimizing non-linear functions. In [26], the standard three-term
CG-algorithms are developed to find the minimum values of non-linear test functions.
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The successful implementation of it has been seen that the nonlinear CG can be used to control three-
degree-of-freedom robotic planar motion control systems [27]. Abbas 1.T.et al.in [28] used the gravity search
algorithm and combined it with nonlinear regression problems to estimate and interpret the parameters. A tabu
search algorithm for quadratic assignment issues is suggested (TSQAP) in [29]. Jasim S.H. and Abbas I.T. in
[30] presented a proposed effective model for the role of using waiting queue models in improving the
performance of health institutions in Iraq, Baghdad.

2. METHOD
2.1 Formulation of unconstrained minimization problem
The unconstrained minimization problem is of the form [31].

Minimizef (x)

Subject tox € Q

Such that fis a real _valued function. and Q, the feasible set is a subset of E™ .
The question that occurs in the unconstrained(minimization) problem (1), is if there is a solution. A theorem,
which asserts that the solution exists if f is continuous and € is compact, is the fundamental conclusion that
can be applied to this problem. This result should be kept in mind throughout distinguishing solution points
and discovering efficient algorithms to explore these points.

For a study of the issue (1), we present two types of solution points: local minimum points and global
minimum points.
Definition(1) :[31] A point X*e Q is considered to be a relative minimum point or local minimum point of f
over Q if there is a ¥ > 0 such that f(X) > f(X*) for all X € Q with in a distance y of X* (i.e, X € Q and | X -
X* <y)if f(X) > f(X*) for all X € Q, X # X*, with in a distance y of X* , then X* is said to be a strict relative
minimum point of f over Q .
Definition (2):[31] a point X* € Q is considered to be a global minimum point of fover Q if
f(X)>f(X*) V Xe Q. If f{(X) > f(X*) V X € Q, X # X* then X* is said to be a strict global minimum point
of f over Q.

In formulating and solving problem (1), we are search for a relative minimum point. We introduce
two algorithms, the steepest descent algorithm and conjugate gradient algorithm to obtain minimum points.

2.1.1 Mathematical Symbols

X1 (x4, x,) Vector or point
f: Function

of
m: gradient vector = axl‘
d

or
dx,
f °f
. . . ax? 0x10x5
H: Hessian matrix o%f arf
0x,0x, ax2

2.2 Steepest Descent Algorithm (SD).
This algorithm can be constructed as in the following: [25,31]

Step (1): The initial point Xg is given with

mo =grad f(Xo) and tolerance of convergence tol.

mgmk

Step (2): put H,, is Hessian matrix of f(xy), a;, = VkeN

m};Hkmk
Step (3): put xp4q = X — amy and myyy = grad(f (x,,,,)) -

Step (4): if ||my41]| < tol, then stop, x; .4 is minimum point and f (x;44) is the minimum value, else, go to
step (2).

Global convergence Analysis for the steepest descent algorithm (SD) is stated in [31]

2.3 Conjugate Gradient Algorithm (CG).

This algorithm can be constructed as in the following: [25],[31]

Step (1): The initial point Xg is given, mo= grad (f(Xo)) with tolerance of convergence tol and
do= -Mo

mldk

dZdek
Step (3): put xpy1 = xp + apdy , Myyr = grad(f (x,.,,)) -
Step (4): if ||my41]] < tol ,then stop, x;.,; the minimum point and f (x; ;) is the minimum value.

Step (2) : put Hy, is Hessian matrix of f(X;), a; = — , Vke N
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T
mk+1dek

Step (5): find B, = aThindy
We improve a new g, for step (5) to develop the efficiency of the conjugate gradient algorithm (CG) as
m£+1 Hyg M1

d£ Hjp my
Where m?_, is the transpose of the grad (f Gesr)) s
df is the transpose of —m,,

y dipq = —Myyq + Brd, and go to step (2).

follows: B, =

2.4 Global convergence Analysis for the conjugate gradient algorithm (CG) with new S,:

T
Mpyq Hg Mp4a

Theorem 1. Let {x,} be a sequence obtained by algorithm (CG) with new g, =

dz Hpmyg

then mfd, < —c|lmyl|* vk = 0,c > 0 )
holds for all k > 0.
Proof. We prove by induction, that if k=0 then mfd, = —c ||m,||?
Hence, the condition holds; now we need to prove that:

mld, < —c||my||*fork =1
From the search direction d,where d is defined as follows:
di = { . 3
EZ leme + Beordgeny  if k=1 ©)

We have dk+1 = —Mk4q + Bkdk
Multiply both sides by mF, ,

Migpr s = Mgy (“Myeiq + Bredi) = —|[Myeir| 1> + By 1 dyc (4)

Using an exact line search, it can be shown that mj,,d;=0. Thus my,,d(e+1) = —|[Mi1|I?

Thus, this condition satisfies for k+1. Therefore (2) holds. The global convergence for the conjugate

gradient algorithm with new B, is derived directly from the global convergence properties. These properties
are described in [31].

Example 1. Suppose the nonlinear function f(x;, x,) = x? + xZ + e~** such that x, = (0,0)7, tol =0.1.
Solution: The application of steepest descent algorithm (SD) is as in the following:

— p—x1 _ 50 —
The gradient of f at Xo is me=grad(f(Xo)) = [lezxe ] =[2 *20* Oe ]:[ 01]
2

The Hessian matrix of f(Xo) is H:[Z +g_x1 g]:[%+ ¢ g] - [(3) (2)]

mimy _ [-1 0][_01] — 1 =1
mitome -1 ol I -2 o] 3
DU X, = Xy — gy = [8] ~0.333333 [—01] =[8] B [—0.3?)3333] _ [0.333333]

_ ,(~0.333333) —0.049865
Thenm, = grad(f(X,)) = [2 - 0'3333323* Oe ] = [ 0 ]

Thus ||m,|| = /(—0.049865)2 + (0)2 = 0.049865 < tol ,stop
Hence, x; = (0.333333,0)7is the minimum point and f( x;) = 0.827642 is the minimum value.
Now, we will apply the conjugate gradient algorithm (CG) for example 1 as in the following:

megrad(10) =[] = [0 5T

The Hessian matrix of f(Xo) is H:[2 +0e"‘1 (2)]:[%)+ e® ;)] _ [(?; g]

We get ag= = 0.333333

midy 1 ol i 53355
1o,

Cmod o oy I
and X, = X, + ady = [8] +0.33333 [(1)] _ [g] + [0.336333] _ [0.33(1)333]

my = grad(F(x,) = |2+ 033333) — e )] _ -0.04987)

Thus ||m,]| = /(—0.04987)2+(0)2 = 0.04987<tol, stop.
Hence x; = (0.33333,0)7is the minimum point and £ (x;) = 0.827642 is the minimum value.

thus dy = —m, = [(1)], ay =
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3. RESULTS AND DISCUSSION
3.1 MATLAB RUN

MATLAB code is run to minimize three functions. The steepest descent algorithm (SD) and the
conjugate gradient algorithm (CG) with new g, are run in MATLAB 2024. The input parameter settings for
the two algorithms found in [25].

The outcomes for the steepest descent (SD) algorithm in Example 1 are presented in Table 1.

Table 1. Outcomes of example 1 for the steepest descent algorithm(SD)

Iteration (k) X1 Xy ap [lm]| £ my m,
0 0 0 0.333333 1 1 -1 0
1 0.3333333 0 0.368304 0.049865 0.827642 -0.049865 0

The function for example 1 is minimized after two iterations for the steepest descent algorithm (SD).
Hence, x; = (0.333333,0)7is the minimum point and f( x;) = 0.827642 is the minimum value and m =(-
0.049865,0)T ||m||=0.049865 <tol. The execution time for the steepest descent algorithm (SD) with plots is
0.630929 seconds. The plots of the function and the decrease of f(x;) per iteration for (SD) are illustrated in
Figure 1 and Figure 2 consequently for example 1.

Original function and descent path
{f—o-—:D-;r;ccr\: "f'"‘,‘

30

> 20 ™ y
3 20
10 ¢
| 10
4 -
2 S T4

0 ~" - o
- 0
2

X, 4 .4 %

- 1

Figure 1. The function f(x;, x,) = x + xZ + ™!

Decrease of f(x k) per iteration

.
0.96
N
0.94 \
~
_— 0.92 \\
< \

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09 1
Iteration k

Figure 2. The decrease of f(x;) per iteration
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The outcomes for the conjugate gradient algorithm (CG) with new g, of example 1 is obtained in
Table 2. For the conjugate gradient (CG) algorithm with the new g, the function for example 1 is minimized
after two iterations. Hence, x; = (0.33333,0)"is the minimum point and f(x;) = 0.827642is the
minimum value and m =(- 0.049865,0)" ||m||= 0.049865 <tol. The execution time for the conjugate gradient
algorithm with new g, with plots is 0.700708 seconds. The plot of the decrease of f (x;) per iteration for (CG)

is illustrated in Figure 3, for example 1

Table 2. Outcomes of examplel for (CG)algorithm with new S,

Iteration (k) X1 Xy my m, [|m]| a New S, f(x)
0 0 0 -1 0 1 0.33333 -0.0025 1
1 0.33333 0 -0.049865 0 0.049865 0.33333  -0.002486 0.827642
10 Function value per iteration
i | I
—&— Contours
0.9 —8— Algorithm path
O ptimum
0.8
0.7
0.6
<05
0.4
0.3
0.2
0.1
o] o
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
Iteration k

Figure 3. The decrease of f(x;) per iteration

Example 2. Suppose the nonlinear function f (x;,x;) = x% + x2 + x,x, + 4x,

such that x, = (0,0)7, tol = 0.01. The outcomes for the steepest descent algorithm (SD) of example 2 are

obtained in Table 3 by using MATLAB programming.

Table 3. outcomes of example 2 for the steepest descent algorithm (SD)

Iteration (K) X %y ay, my m, [Ilm]| f(x)
0 0 0 0.5 0 4 4 0
1 0 -2 05 -2 0 2 -4
2 1 -2 0.5 0 1 1 -5
3 1 25 0.5 05 0 05 -5.25
4 1.25 25 0.5 0 0.25 0.25 -5.3125
5 1.25 -2.625 0.5 -0.125 0 0.125 5 328125
6 1.3125 -2.625 0.5 0 0.0625 0.0625 ¢ ooona
7 1.3125 265625 0.5  -0.03125 0 0.03125 ¢ 4000e
8 1.328125  -2.65625 0.5 0 0.015625  0.015625 ¢ yannc,
9 1328125 -2.66406 05  -0.007812 0 0.007812 ¢ 4onars

The function for example 2 is minimized after 10 iterations for the steepest descent algorithm (SD).
Hence xo = (1.328125, —2.66406) is the minimum point and f (xy) = -5.333313 is the minimum value and
m = (—0.007812,0)" ||m||= 0.007812<tol. The execution time for the steepest descent algorithm (SD) with
plots is 0.633336 seconds. The plots of the function and the decrease of f(x;) per iteration for (SD) are

illustrated in Figure 4 and Figure 5 consequently for example 2.

Using MATLAB For Steepest Descent Algorithm (SD) with Conjugate Gradient Algorithm (CG) For
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Original function and descent path
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Figure 4. The function f (x1, x,)= x2 + x2 + x,x, + 4x, )

Decrease of f(x ) per iteration

+—
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_,J 1

8] 1 2 3 4 5
Iteration k
Figure 5. The decrease of f(x;) per iteration

The outcomes for the conjugate gradient algorithm (CG) with new 3, of example 2 are obtained in Table 4 by
using MATLAB programming.

Table 4. Outcomes of example 2 for the conjugate gradient algorithm (CG) with new S,

Iteration (k) X Xy m m, [|m]| a New 8, flx)

0 0 0 0 4 4 0.5000 -0.2500 0

1 0 -2 -2 0 2 0.2857 -0.1959 -4

2 0.5714 -1.7143 -0.5714 1.1429 1.2778 0.5153 -1.1629 -4.5714
3 0.6640 -2.4042 -1.0762 -0.1444 1.0859 0.1151 -0.1611 -4.9921

4 0.7638 -2.2084 -0.6808 0.3471 0.7641 0.8524 -0.7830 -5.0599

5 1.2249 -2.7379 -0.2880 -0.2508 0.3819 0.1579 -0.2382 -5.3088

6 1.2035 -2.6215 -0.2144 -0.0394 0.2180 0.5187 -0.1367 -5.3203

7 1.3315 -2.6921 -0.0291 -0.0528 0.0603 0.3793 -0.0072 -5.3326

8 1.3298 —2.6651 -0.0055 -0.0004 0.005556 0.3793 -0.00722 —5.333324

For the conjugate gradient algorithm (CG) with new g, the function of example 2 is minimized after

9 iterations. Hence xg = (1.3298, —2.6651)7 is the minimum point and f(xg) = —5.333324 is the minimum
value and m = (—0.0055,—0.0004)" ||m||= 0.005556< tol.

Using MATLAB For Steepest Descent Algorithm (SD) with Conjugate Gradient Algorithm (CG) For
Minimizing Unconstrained problems (Huda H Al-Zobiadi)



100
O Academic Science Journal (E-ISSN: 2959 5568, P-ISSN: 2959 4612)

The execution time for the conjugate gradient algorithm (CG) with new g, with plots is 0.956773
seconds. The plot of the function value per iteration for (CG) is illustrated in Figure 6 for example 2.

Function value per iteration

-4 T |
—&— Contours
—8— Algorithm path
3 1 9 oOptimum
2
1
— \‘\M\o
==
=
ol 3
-1
_2"—-"4
-3
o] 1 2 3 <4 5 (=] !

Iteration k
Figure 6. The decrease of f(x;) per iteration

Example 3. Suppose the nonlinear function f (xi,x,) = 5x% + 5x2 — 8x, — e , such that x, =
(0,007, tol = 0.01. The outcomes for the steepest descent algorithm (SD) of example 3 is obtained in Table 5
by using MATLAB programming.

Table 5. Outcomes of example 3 for the steepest descent algorithm (SD)

iteration X X2 g my m; [l f ()
0 0 0 01 1 -8 8.062258 -1
1 0.1 038 0.1 0.105171 0 0.105171  , ,epoy
2 0.110517 08 0.1 0.011685 0 0.011685 , ceoac
3 0.111686 038 0.1 0.001306 0 0.001306  , \crsoq

The function for example 3 is minimized after 4 iterations for the steepest descent algorithm (SD).
Hence x; = (0.111686, 0.8) is the minimum point and f (x3) = —4.255793 is the minimum value and m =
(—0.011685,0)" ||m||= 0.001306 < tol. The execution time for the steepest descent algorithm (SD) with plots
is 0.505912 seconds. The plots of the function and the decrease of f(x;) per iteration for (SD) are illustrated
in Figure 7 and Figure 8 consequently for example 3.

Original function and descent path
@ Dancent path

100

100
B0

80

,'/
60O .I .l 6o
40

20 v 40

fixy)

& . 0 0
- 2
X, 4 4 X
1

Figure 7. The function f (x;,x,) = 5x% + 5x2 — 8x, — e*1)
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. Decrease of f(x ) per iteration
-1

-3 \
-3 \
_4 }

-4.5 T
(0] 0.5 1 1.5 2 2.5 3
Iteration k

Figure 8. The decrease of f(x;) per iteration

r. .1
A

The outcomes for the conjugate gradient algorithm (CG) with new S, Examples 3 are obtained in
Table 6 by using MATLAB programming.

Table 6. Outcomes of example 3 for the conjugate gradient algorithm (CG) with new S,

Iteration (k) X X, my m, [|m]| ay New 3, )
0 0 0 -1 -8 8.0623 0.1002 -0.00015003 -1
1 0.1002 0.8012 -0.1038 0.0123 0.1045 0.1122 -0.00085291 -4.2552
2 0.1118 0.7997 -0.0004 -0.0028  0.002884 0.112187 -0.000853 -4.255793

For the conjugate gradient algorithm (CG) with new g, the function of example 3 is minimized after
3 iterations. Hence x, = (0.1118,0.7997)" is the minimum point and f(x,) = -4.255793 is the minimum
value and m = (—0.0004,—0.0028 )T ||m||= 0.002884 < tol. The execution time for the conjugate gradient
algorithm (CG) with new B, with plots is 0.674644 seconds. The plot of the function value per iteration for
(CG) is illustrated in Figure 9 for example 3.

Function value per iteration

9 T T T
—— C ontours

8 —8— Algorithm path
| O ptimum

3 \ \'"'\
2 \

| ~

o o1 0.2 0.3 0.4 0.5 06 0.7 0.8 a9 1
Iteration k

Figure 9. The decrease of f(x;) per iteration

4. CONCLUSION

The steepest descent algorithm (SD) and conjugate gradient algorithm (CG) with an improved
By parameter are presented in this paper. Three challenging instances of nonlinear functions for the
unconstrained problem are solved by applying the two algorithms to minimize the unconstrained problem. The
steepest descent approach (SD) is applied using MATLAB programming and handwriting in Example 1.
Additionally, MATLAB programming for the conjugate gradient algorithm (CG) with new g, is used to solve
example 1. For example2 and example 3, MATLAB programming is used to run the conjugate gradient
algorithm (CG) with new g, and the steepest descent algorithm (SD).

Using MATLAB For Steepest Descent Algorithm (SD) with Conjugate Gradient Algorithm (CG) For
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Based on the results of the two algorithms, we demonstrate that the conjugate gradient algorithm (CG)
requires less iterations than the steepest descent technique (SD). The nonlinear functions' values for the
examples of the conjugate gradient algorithm (CG) is more effective than the steepest descent algorithm (SD).
the execution time for the steepest descent algorithm (SD) with plots is less than the conjugate gradient
algorithm (CG). The contribution of this paper is in solving more complicated unconstrained problems with
more variables.
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